ON A RELATION BETWEEN POTENTIALS FOR PLURIHARMONIC 
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Abstract. In this paper, we show that one can interrelate pluriharmonic maps with 
para-pluriharmonic maps by means of the loop group method. As an appendix, we 
give examples for the interrelation between pluriharmonic maps and para-pluriharmonic 
maps. Moreover, we investigate the relation among CMC-surfaces by use of such maps. 

1. Introduction 

Let fi : (Mi, J) — > G\jH\ be a pluriharmonic map from a complex manifold (Mi, J), 
and let f 2 : (M 2 ,I) — > G2/H2 be a para-pluriharmonic map from a para-complex man- 
ifold (M 2 ,I), where Gi/Hi are affine symmetric spaces. Then, the loop group method 
enables us to obtain a pluriharmonic potential T\) and a para-pluriharmonic potential 
(7]g, Tg) from f\ and f 2 , respectively; and furthermore, the method enables us to construct 
pluriharmonic maps and para-pluriharmonic maps from their potentials, respectively (see 
Section [3]). 
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The goal of this paper is to interrelate fi : (Mi, J) — > Gi/Hi with f 2 : (M 2 , /) —> G 2 /H 2 
by interrelating (t)\, t\) with (r] g ,T e ). In this paper, we demonstrate that one can indeed 
locally interrelate a pluriharmonic map with a para-pluriharmonic map in the case where 
its potential satisfies the morphing condition (!M1) (see Theorem 14.3. ID . 

The notions of a pluriharmonic map and a para-pluriharmonic map are generalized 
notions of a harmonic map from a Riemann surface S 2 and a Lorentz harmonic map from 
a Lorentz surface S 2 , respectively. Consequently, Theorem 14. 3 . 1 1 enables us to interrelate 
harmonic maps from T? with Lorentz harmonic maps from E 2 . Harmonic maps fi from 
T? or Lorentz harmonic maps f 2 from S 2 into 5* 2 , H 2 or Sf give rise to constant mean 
curvature surfaces (CMC-surfaces, for short) in M 3 , spacelike CMC-surfaces in Rf or 
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timelike CMC-surfaces in R 3 ; and vice versa. For this reason, one can interrelate CMC- 
surfaces in IR 3 or M 3 with other CMC-surfaces in M 3 or IR 3 by means of Theorem 14.3.11 In 
the appendix, we present concrete examples of the method developed in this paper; and 
moreover, we investigate the relation among CMC-surfaces by use of such maps. 

This paper is organized as follows: In Section [2] we recall the basic definitions and 
results concerning para-complex manifolds, para-pluriharmonic maps and pluriharmonic 
maps. In Section [3] we review elementary facts and results about the loop group method; 
and we study the relation between para-pluriharmonic or pluriharmonic maps and loop 
groups. In Section H] we prove the main Theorem 14.3.11 Finally, in Section [5] we actually 
interrelate some pluriharmonic maps with para-pluriharmonic maps by means of Theorem 

axu 
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2. Pluriharmonic maps and para-pluriharmonic maps 

2.1. Para-complex manifolds. We first recall the notion of a para-complex manifold, 
in order to introduce the notion of a para-pluriharmonic map. 

Definition 2.1.1 (cf. Libermann [20], [ZH p. 82, p. 83]). 

(i) Let M be a 2n-dimensional real smooth manifold, and let XM denote the Lie algebra 
of smooth vector fields on M. Then M is called a para- complex manifold, if there exists 
a smooth (1, l)-tensor field I on M such that 

(1) P = id; 

(2) dim R T+M = n = dim M T~M for each p e M; 

(3) [IX, IY] - I [IX, Y] - I[X, IY] + [X, Y] = for any X, Y e XM, 

where T^M denotes the ±-eigenspace of I p (= the value of I at p) in T P M. 

(ii) Let (M, J) and (M', I') be two para-complex manifolds. Then a smooth map / : 
(M,I) — > (M',F) is called para-holomorphic (resp. para-antiholomorphic), if it satisfies 
dfoI = I'odf (resp. dfoI = -I'o df). 

Every para-complex manifold can be endowed with a set of special, local coordinates 
{x\, ■ ■ ■ , x™, y\, ■ ■ ■ , 2/™) which are called para-holomorphic coordinates: 

Proposition 2.1.2 (cf. Kaneyuki-Kozai [TBI p. 83]). Let (M,I) be a para-complex 
manifold with dim^M = 2n. Then, M has an atlas {{U a , ip a )}aeA with U a open and 
fa = (^q, • • • , Vai ' ' ' > Va) a coordinate map satisfying 

(1) I(d/dXa) = djdx a a and I(d/dy^) = —djdy a a for all 1 < a < n; 

(2) dy b Jdx a a = = dx h Jdy a a onU a nU p ^® for alll<a,b< n. 
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A Lorentz surface and a one sheeted hyperboloid are one of the examples of para- 
complex manifold. 

2.2. Para-pluriharmonic maps. 

2.2.1. Now, let us recall the notion of a para-pluriharmonic map: 

Definition 2.2.1 (cf. Schafer (251 P- 72]). Let (M, I) be a para-complex manifold with 
dim^M = In, and let N be a smooth manifold with a torsion-free affine connection \7 N . 
Then a smooth map / : (M, I) — > (N, V w ) is called para-pluriharmonic, if it satisfies 

(P) ( V d/)(A J?_) =0 ^ & \\l<a,b<n, 

for any local para-holomorphic coordinate (x 1 , • • • ,x n ,y 1 ,--- ,y n ) on (M,I). Here V 
denotes the connection on End (TM, f~ l TN) which is induced from D and V^, where D 
is any para-complex (i.e., DI = 0) torsion-free affine connection on (M,I). 

Remark 2.2.2. Every para-complex manifold admits a para-complex torsion-free affine 
connection (cf. [25, p. 64]). 

The following lemma implies that the equation ((Pj) in Definition 12.2.11 is independent 
of the choice of para-complex torsion- free affine connections on (M, /): 

Lemma 2.2.3. Let (M, /) be a para-complex manifold with dim^M = In, and let D 
be any para-complex torsion-free affine connection on (M,I). Then, every local para- 
holomorphic coordinate (x 1 , ■ ■ ■ , x n , y 1 , ■ • ■ , y n ) on (M, I) satisfies DQ<^d b _ = = Dgad+ 
for all 1 < a,b < n. Here, &i_ := d/dx a and dt := d/dy a . 

PROOF. It follows from DI = that for any 1 < a, b < n, 

l(D d ad b _) = D 9 al(d b _) - (D d al)d b _ = D d « + I (dt) = ~ D QaO^ . 

This yields D d ad b _ G T~M. Similarly one has D d b <9" 6 T + M. Therefore we conclude 

T'M 3 Dgadt = D 9b 81 + [d%, d b _] = D d t d\ e T + M 
because the torsion of D is free. Thus Dgadt = = D 9 b 9" . □ 

2.2.2. Our goal in this subsection is to show Proposition 12.2.41 (below) which will play an 
important role in Section [31 First, let us fix the setting and the notation of the proposition. 

Let G be a connected matrix group, and let a be an involution of G. We denote by H 
the fixed point set of a in G, and get an affine symmetric space (G/H, a). Let (M, /) be 
a para-complex manifold of dimension In, and let F be a smooth map from (M, /) into 
G. Then we consider: 

(2.2.1) 7r: the projection from G onto G/H, 

(2.2.2) V 1 : the canonical affine connection on (G/H, a) (see [22, p. 54] for the definition 
of the canonical affine connection), 
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(2.2.3) a := F _1 ■ dF: the pullback of the left-invariant Maurer-Cartan form on G along 
F, 

(2.2.4) q := Lie G, () := Fix(g, da), m := Fix(g, -da), 

(2.2.5) at, (resp. a m ): the f)-component (resp. the m-component) of a with respect to 
= f) © m, 

(2.2.6) a± := (1/2) • («„ ± */(«„)), a± := (1/2) • (a M ± */«)), 

(2.2.7) <9_a+ + [a!" A a+] = as an abbreviation for d°L(a m (d\.)) + [a^d®), a TO (9^.)] = 
for all 1 < a, 6 < n, where (a? 1 , • • • , x n , y 1 ,- ■ ■ , w ra ) is any local para-holomorphic 
coordinate system on (M,I), 

(2.2.8) T ± M: the subbundle of the tangent bundle TM determined by the ±l-eigenspace 
of / in TM, 

(2.2.9) [a^ A a^] = as an abbreviation of: [a m A a m ] = on T + M x T + M and on 
T"M x T~M, 

(2.2.10) C* := C\ {0}. 

Now, we are in a position to state 

Proposition 2.2.4. With the above setting and notation, the following statements (a) 
and (b) are equivalent: 

(a) A map f := it o F : (M,I) — > (G/H, V 1 ) «s para-pluriharmonic and satisfies 
[«mAa+] = = [a-Aa£]; 

(b) da^ + (1/2) • [a^ A a M ] = /or any /i G O, u>/iere a M := aif, + /i" 1 ■ a+ + \i ■ a~. 

In order to prove the above proposition, we first show 

Lemma 2.2.5. / = ir o F : (M,I) — > (G/H, V 1 ) is a para-pluriharmonic map if and 
only ifd^a+ + [atj" A a+] = (c/. (2.2.7)). 

Proof. Lemma [2.2.31 allows us to reduce the equation ([P]) in Definition 12 . 2 . 1 1 as follows: 
(Vdf)(d^,d b + ) = V£» (d/(0$.)). This implies that 

/ = 7r o F is para-pluriharmonic if and only if /3(Vg a (df(d b + ))) = 

because /3 : T(G/H) — > G/if x g is injective (see [5] or [151 P- 403] for /3). Accordingly, 
it suffices to show that 

(2.2.11) (3(Vla (df(d b + ))) = if and only if <9_a+ + [a^ A a+] = 0. 

To prove this we note first that it is known that V 1 coincides with the canonical affine 
connection of the second kind (cf. [221 P- 53]). Therefore, Proposition 1.4 and Lemma 1.1 
in [151 P- 404, p. 403] assure that 

0(VJ. =d a _{f3(df(d b + ))) - [(3(df(d a _)),f3(df(d b + ))}. 
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Let us compute each term on the right-hand side of the above equation. We note that 
f*P = AdF ■ a m (cf. HSl p. 409]) implies 

d a _(f3(df(d b + ))) =d a _{(r(3)(d b + )) = d a _(F ■ a m (d b + ) ■ F- 1 ) 

= (d a _F) ■ a m (d b + ) .F- l + F-d a _ (a m (d b + )) ■ F" 1 — F ■ a m (d b + ) ■ F' 1 ■ (d a _F) ■ F' 1 
= AdF-{d a _{a m (d b + )) + [F- 1 ■ (d a _F),a m (d b + )}} 

= AdF ■ {d a _{a m (d b + )) + [a(dl),a m (d b + )} } . 

Moreover, f*(3 = AdF ■ a m yields 

[f3{df(d a _)),f3{df(d b + ))} = [(f*f3W_),(rPM)} =AdF-[a m (dl),a m (d b + )]. 

Therefore we obtain 

/3(V^(d/(0t))) = AdF - {d a 4a m (d b + )) + [a h (dl),a m (d b + )}}. 

Hence we have shown (12.2.111) . □ 

Proof of Proposition [272.41 First we rewrite the expression da^ + (1/2) ■ [a M A Since 
a = F -1 • dF we have da + (1/2) ■ [a A a] = 0. From [fj, fj] C I), [f), m] C m and [m, m] C f) 
we obtain da§ + (1/2) • ([at, A a^] + [a m A a m ]) = = da m + [a^ A a m ]. Thus we can assert 
that 

1 1 

da m + [«(, A a TO ] = 0. 
By a direct computation we obtain 

da 1 " + - • [a M A a M ] =dc^ + - • [a^ A a^\ + [a+ A a~] 

+ • (da+ + [a 6 A «+]) + /i • (da~ + [a h A a~]) 

+ g " ^ ' M A «m] + 2 ' ^ ' t a m A owl- 
Consequently, by virtue of (12.2. 121) one can rewrite da^ 1 + (1/2) ■ [a' 4 A a M ] as follows: 

da M + - • [a 1 * A a M ] =^ -1 ■ (da+ + [a^ A + /i ■ (da~ + [a 6 A a~}) 
(2.2.13) 2 , , 

+ 2 ' _ X ) ■ K A «m] + 2 ' ~ X ) ' A a m\- 

(a)— >(b): Suppose that / = 7r o F is para-pluriharmonic and satisfies [a+ A a+] = = 
[a m A a~]. Then, 02.2. 13j> yields 

da^ + — • [a^ A a M ] = • (da+ + [a$ A a+]) + fi ■ (da~ + [at, A a~]) . 
So it suffices to show 

da+ + A a+] = = <ia~ + [at, A a m ]. 
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Equation (JP]) in Definition 12.2.11 is symmetric with respect to the variables y a and x b . 
This and Lemma 12.2.51 imply that 

/ = ii o F is para-pluriharmonic if and only if d^a* + [aZ A a*} = 

if and only if d + a m + [at A a~] = 0. 

Therefore it follows from da m + [a§ A a ro ] = (cf. (12.2.1211 ) that da* + [a§ A a*] = = 
da m + [«(, A a~]. 

(b)-»>(a): Suppose that da» + (1/2) ■ [a/ 4 A a^] =0 for any fj, G C*. We obtain 
da* + [«(, A a*) = and [a* A a*] = = [a~ A a~] from f)2.2.13j) . So Lemma 12.2.51 
allows us to obtain the conclusion, if one has d-a* + [aZ A a*) = 0. But, this equation 
is immediate from da* + [a^ A a*] =0. □ 

2.2.3. We recall the notion of the extended framing of a para-pluriharmonic map (cf. 
Definition |2.2.6p . One will see that the framing is an element of the loop group AG a in 
Section [31 

Let G c be a simply connected, simple, complex linear algebraic subgroup of SL(m, C), 
let a be a holomorphic involution of G c , and let v be an antiholomorphic involution of 
G c such that [a, u] = (i.e., a o v = v o a). Define H c , G and H by 

(2.2.14) H c := Fix(G c ,a), G := Fix(G c , u), H := Fix(G, a) = Fix(H c , v). 

Note that (G/H,a\a) is an affine symmetric space. Now, let p Q be a base point in a 
simply connected para-complex manifold (M, I). Then, Proposition 12.2.41 assures that 
for any para-pluriharmonic map / = tt o F : (M,I) — > (G/H, V 1 ) with F(p Q ) = id and 
[a* A a*} = 0, the g c - valued 1-form a^ = a i) + /x -1 • a* + \i ■ a~ on (M, J), parameterized 
by /i G C*, is integrable; and furthermore, one can obtain a smooth map 

F:MxCMG c , (p,//)^F», 

from the integrability condition cia^ + (1/2) ■ [a 1 * A a M ] = and F~ x ■ dF^ = a^ with 
F^ipo) = id. The above map F = F^ : C* — > G c satisfies 

(2.2.15) a(F M ) = F-n for all // G C*, 

(2.2.16) F A := F\ s x : S 1 -)• G c , where S 1 : = {A G C* | |A| = 1}, 

(2.2.17) F e := F\ R+ : R+ ->■ G = Fix(G c , v) (c G c ), where R* := {9 G R | > 0}. 

Indeed, (2.2.15) follows from da(a^) = a~^ and a(F ll (p )) = F-^Po); (2.2.16) is obvious; 
and (2.2.17) follows from a e being g-valued for any 9 G M + . 

Definition 2.2.6. The map Fg is called the extended framing of the para-pluriharmonic 
map / = 7r o F : (M, J) — >■ (G/H, V 1 ); and {/e}6»gM+ is called an associated family of /, 
where f$ := it o Fg. Here, we remark that f\ = f and iq = F are immediate from a 1 = a 
and iq(p ) = F(p ). 
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Remark 2.2.7. Throughout this paper we consider that for the extended framing Fq of 
a para-pluriharmonic map, its variable 6 varies in the whole C* which contains not only 
R+ but also S 1 . 

2.3. Pluriharmonic maps. 

2.3.1. In this subsection we will survey some basic facts and results about pluriharmonic 
maps. First, let us recall the notion of a pluriharmonic map: 

Definition 2.3.1. Let (M, J) be a real 2n-dimensional complex manifold, and let iV 
be a smooth manifold with a torsion- free affine connection V^. Then a smooth map 
/ : (M, J) — > (N, V N ) is called pluriharmonic, if it satisfies 

(H) ( V( y)(A j ^_) = o foralll<a,6<n, 

for any local holomorphic coordinate (z 1 , ■ ■ ■ , z n , z 1 , ■ ■ • , z n ) on (M, J). Here V denotes 
the connection on End(TM, f~ l TN) which is induced from D and V^, where D is any 
complex torsion- free affine connection on (M, J). 

Remark 2.3.2. (i) We utilize the terminology "pluriharmonic map," in a sense that is 
more general than the one originally given by Siu [26J. 

(ii) Any complex manifold admits a complex torsion-free affine connection (cf. [HI p. 
145]). 

(iii) The equation ([H]) in Definition 12 .3. II is independent of the choice of complex torsion- 
free affine connections D on (M, J) (ref. the proof of Lemma [2. 2. 3p . 

2.3.2. In Section [3] we will study the relation between pluriharmonic maps and the loop 
group method. For this we will use a result of Ohnita [23J about pluriharmonic maps (see 
Proposition 12. 3. 3p . First, let us fix the setting for Proposition 12.3.31 

Let (G/H,a) denote the affine symmetric space defined in Subsection 12.2.21 and let F 
be a smooth map from a real 2n-dimensional complex manifold (M, J) into G. Then, we 
consider: 

(2.3.1) 7r: the same as in (2.2.1), 

(2.3.2) V 1 : the same as in (2.2.2), 

(2.3.3) a: the same as in (2.2.3), 

(2.3.4) jj, f), m: the same as in (2.2.4), 

(2.3.5) «(,, a m : the same as in (2.2.5), 

(2.3.6) c4 := H/2) ■ (ia x + 1 J(a x )), a x := (-i/2) • (ia x - V(ax)) for X = h, m, 

(2.3.7) da' m + [a'l A a' m ] = as an abbreviation for d (a m (d b )) + [ct^d ), a m (d b )} = for 
all 1 < a, b < n, where (z 1 , - ■ ■ , z n , z 1 , ■ ■ ■ , z n ) is any local holomorphic coordinate 
system on (M, J), and where d b := d/dz b and <9° := d/dz a , 

(2.3.8) [a^Aa^] = as an abbreviation for [a m (d a ), a m (d b )} = for all 1 < a, b < n, where 
(z 1 , - ■ ■ , z n , z 1 , ■ ■ ■ , z n ) is any local holomorphic coordinate system on (M, J). 
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Proposition 2.3.3 (cf. Ohnita [23]). With the above notation, a map f := rr o F : 
(M, J) —7- (G/H, V 1 ) pluriharmonic if and only if da' m + [a^' A a^J = 0. Moreover, the 
following statements (a) and (b) are equivalent 

(a) / = 7r o F is pluriharmonic and satisfies [a' m A a' m ] = 0; 

(b) da^ + (1/2) ■ [a? A c^] = for any fi G C* , where := on, + /i -1 ■ a' m + /x ■ a'^. 

2.3.3. We will first recall the notion of the extended framing of a pluriharmonic map 
(cf. Definition 12.3. 4p . and afterwards point out a crucial difference between the extended 
framings of pluriharmonic maps and para-pluriharmonic maps in view of the loop group 
method (cf. Remark 12. 3. 5ft . 

The arguments below will be similar to those in Subsection 12.2.31 Let G c , H c , G and 
H denote the same Lie groups as in (12.2. 14[) . Fix a base point p Q in a simply connected 
complex manifold (M, J). For a pluriharmonic map / = 7r o F : (M,J) — > (G/H, V 1 ) 
with F(p ) = id and [a' m A a' m ] = 0, Proposition 12.3.31 shows that the g c - valued 1-form 
= ctf, + /i -1 ■ a' m + /i • a'^ on (M, J) parameterized by \i e C* is integrable. Then there 
exists a unique map 

F:MxCMG c , (p,n)^ F^p), 

such that F" 1 • rfF^ = a M and F^{j) ) = id, by virtue of the integrability condition 
da^ + (1/2) • [o^ A o^] = 0. Here we remark that F = F M : C* -> G c satisfies 

(2.3.9) (t(F m ) = F_ M for all /i G C*, 
(2.3.10) F A := F| s i : S 1 -> G = Fix(G c , i/) (c G c ). 

Indeed, (2.3.10) follows from a A being g-valued for any A G S 1 . 

Definition 2.3.4. The map F\ is called the extended framing of the pluriharmonic 
map / = it o F : (M, J) — >■ (G/H, V 1 ); and {/aIags 1 is called an associated family of /, 
where /a(p) := vt o F A (p) for (p, A) G M x S 1 . 

Remark 2.3.5. The map F = F M : C* — > G c defined above becomes G-valued if its 
variable /i varies in S 1 ; and F\ = F\gL is the extended framing of a pluriharmonic map. 
By contrast, the map F = F^ : C* — > G c in Subsection 12.2.31 becomes G-valued if its 
variable \x varies in M + ; and Fq = F\^+ is the extended framing of a para-pluriharmonic 
map. 

3. The loop group method 

First, we introduce three kinds of loop groups AG^, AG CT and AG CT , and review their 
decomposition theorems. Next, we explain the relation between para-pluriharmonic maps 
and the loop group method, and interrelate para-pluriharmonic maps with para-pluriharmonic 
potentials. Finally, we treat the pluriharmonic case. 

3.1. Decomposition theorems of loop groups. 
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3.1.1. Let G c be a simply connected, simple, complex linear algebraic subgroup of 
SL(m,C), and let a be a holomorphic involution of G c . In this case the twisted loop 
group AG^ is defined as follows: 



AG 



c ._ 



A x : S 1 G l 



(7 (A x ) = A_\ for all A G S 1 



where || • || denotes some matrix norm satisfying \\A ■ B\\ < \\A\ \ ■ \ \B\\ and ||id|| = 1. 
Then AG^, with this norm \\A\\ \ = HAfcll, is a complex Banach Lie group (see [I], [12] 
and [24 J for more details). Here, the Lie algebra Ag^ of AG^ is given by 

X x : S 1 -> C 



(3.1.1) A ^ :-- 



~ Y2kez Xk^ k i I \Xk\ \ < oo, 
da(X x ) = X_ A for all A G S 1 



Define four subgroups A ± G^r and A^G^ of AG^ by 

A ± G^ := {A x G AG^ | A x has a holomorphic extension A z : D ± -)■ G c }, 
A+G^ := {Ax G A+G^ | A = id}, A;G^ := {Ax G A G,- | = id}, 

where D + := {z G C | |z| < 1} and D_ := {z G C | |z| > 1} U {cx)}. With this notation, 
we can state the following two Theorems 13.1.11 and 13.1.21 which are called the Iwasawa 
decomposition of AG^ x AG^ and the Birkhoff decomposition of AG^, respectively (see 

hi, Ha, my- 

Theorem 3.1.1 (Iwasawa decomposition of AG^ x AG^). The multiplication maps 

A(AG^ x AG^) x (A;G^ x A+G^) ->• AG^ x AG^, 
A(AG^ x AG^) x (A+G^ x A~G^) -> AG^ x AG^ 

are holomorphic diffeomorphisms onto open subsets of AG^ x AG^, respectively. Here 
A(AG^ x AG^) denotes the diagonal subgroup of AG^ x AG^. 

Theorem 3.1.2 (Birkhoff decomposition of AG^). The multiplication maps 

A-G^ x A+G^ -> AG^, A+G^ x A~G^ -> AG^ 

are holomorphic diffeomorphisms onto the open subsets £>^ := A^G^ ■ A ± G^ 0/ AG^, 
respectively. In particular, each element Ax G B c := B^l fl can be uniquely factorized: 

Ax = A- x .Bi = A\.B- x , A±eAfG c a , B x G A ± G^. 

3.1.2. Almost split real forms of AG^. Now, let v be an antiholomorphic involution of 
G c such that [cr,u] = (i.e., a o v = v o cr). Then one can define an antiholomorphic 
involution z/$ of AG^ by setting 

(3.1.2) u s (A x ) := u(Aj) for Ax G AG^. 
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This involution v$ is said to be of the first kind, and its fixed point set AG CT := Fix(AG^, v$) 
is called an almost split real form of AG^. Note that v$ satisfies 1/5 (A ± G^) = A^G^ and 
us(AfG^) = AfG 1 ^. That allows us to define four subgroups A ± G a and AfG a as follows: 

A±G CT := Fix(A ± G^, u s ), AfG a := Fix(A±G^, 

With this notation, one can state the following theorems (see [2], [3]): 

Theorem 3.1.3 (Iwasawa decomposition of AG a x AG a ). The multiplication maps 

A(AG CT x AG CT ) x (A;G CT x A+G CT ) -> AG a x AG CT , 
A(AG ff x AGa) x (A+G CT x A~G<j) -> AG CT x AG CT 

are holomorphic diffeomorphisms onto open subsets of AG a x AG CT; respectively. 

Theorem 3.1.4 (Birkhoff decomposition of AG CT ). Tne multiplication maps 

A~G a x A+G CT -> AG a , A+G CT x A~G CT ->■ AG CT 

are holomorphic diffeomorphisms onto the open subsets B T '■— A^G a ■ A ± G a of AG a , 
respectively. In particular, each element A\ G B := i3_ D B + can be uniquely factorized: 

A X = A- X -B+ = A+-B- 1 A±eAX G A ± G cr . 

3.1.3. For a general element G AG^, its variable A only varies in S 1 . However, for the 
framing F\ of a para-pluriharmonic map, the variable A of F\ can vary in the whole C* 
(cf. Subsection 12.2.31) . Toda [27] has addressed this relevant point, since in her work A is 
for all geometric purposes a positive real number. She proposed to consider the following 
subgroup AG a of AG a : 

(3.1.3) AG a := {A x G AG a \ A x has an analytic extension A^ : C* —> G c }. 

One equips AG a with the induced topology from AG CT , where AG a is considered as a loop 
group with A G S 1 ; and in a similar way, one defines four subgroups A ± G a and AfG a of 
A^Gp and AfG a , respectively. Then, the following two decomposition theorems hold (cf. 

Theorem 3.1.5 (Iwasawa decomposition of AG a x AG a ). The multiplication maps 

A(AG a x AG a ) x (A-G a x A+G CT ) ->• AG ff x AG CT , 
A(AG ff x AG CT ) x (A+G CT x A~G<j) -> AG CT x AG CT 

are rea/ analytic diffeomorphisms onto open subsets of AG a x AG CT , respectively. 

Theorem 3.1.6 (Birkhoff decomposition of AG CT ). The multiplication maps 

A~G a x A+G CT -> AGo-, A+G CT x A~G CT ->■ AG CT 
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are real analytic diffeomorphisms onto the open subsets B T '■— AfG a ■ A ± G r7 of AG a , 
respectively. In particular, each element A x G B := B- D B + can be uniquely factorized: 

A x = A x -B+ = Ai-B- 1 AfeAfG,, BjeA±G, 

Remark 3.1.7. Throughout this paper, we consider that for A\ G AG a , its variable A 
varies not only in S 1 but also in M + (or more generally in C*). 

We end this subsection with showing the following lemma: 

Lemma 3.1.8. Each element C x G AG a satisfies C e G G := Fix(G c , v) for all 9 G K + . 

Proof. Since C x G AG a C AG a = Fix(AG^, u s ), it satisfies v{C x ) = u s {C\) = C\ for 
all A G S 1 . Hence, one has v{Cj;) = C M for all /i G C*; and therefore v{Cg) = Cq for all 
9 G 1R + . □ 

3.2. Para-pluriharmonic maps and the loop group method. In this subsection, we 
will study the relation between para-pluriharmonic maps and the loop group method. 

3.2.1. Let G c be a simply connected, simple, complex linear algebraic subgroup of 
SL(m,C), let a be a holomorphic involution of G c , and let v be an antiholomorphic 
involution of G c such that [a, v\ = 0. Define subgroups H c , G and H by the same 
conditions as in Subsection 12.2.31 respectively — that is, 

H c := Fix(G c , a), G := Fix(G c , v), H := Fix(G, a) = Fix{H c , v). 

We will conclude that the extended framing Fq of a para-pluriharmonic map belongs 
to the loop group AG a (see (13.1.31) for AG a ). Let (M, J) be a simply connected para- 
complex manifold, and let Fg be the extended framing of a para-pluriharmonic map 
/ = vr o F : (M,T) ->• (G/H,V l ) with F(p ) = id and [c£ A a±] = 0, where p is a 
base point in (M, I). Then it follows from (2.2.15) and (2.2.16) that F\ belongs to AG%. 
Moreover, the variable A of Fx can vary in all of C* (cf. Subsection 12.2. 3p . Accordingly 
one can assert that the framing F\ belongs to AG a , if it satisfies 

(3.2.1) u s (Fx) = F\ 

(see (I3.1.2p for ug). Let us show (13.2. ip . From (2.2.17) we know u(Fg) = Fg for any 
9 G R + . This yields that u s (F x ) = u(F T ) = F x for any A G S 1 because u(Fp) = F^ for 
any fi G C* follows from v{Fg) = Fg for any 9 G M + . Hence, we have shown ( 13.2. ip . 
Consequently the framing F x belongs to AG a . 

3.2.2. Para-pluriharmonic potentials. We have just shown that F x belongs to AG a , where 
F x is the extended framing of a para-pluriharmonic map / = tt o F : (M, J) — > (G/H, V 1 ) 
with F(p ) = id and [a^ A a^] = 0. To F A G AGo-, one can apply the Birkhoff decompo- 
sition theorem (cf. Theorem 13. 1 .6D . We will obtain a pair of m- valued 1-forms r]e and rg 
on (M, J) parameterized 6 1 G M + , from the framing Fg. 
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Since F\(p ) = id G B, one can perform a Birkhoff decomposition of the framing 
F x G AG a . 

F X = F^-L+ = F+-L- X , ^eAX L±eA±G CT , 
on an open neighborhood C/ of M at p Q (cf. Theorem 13. 1 .6H . Define r\g and Tg by 

^ := (F,-)- 1 ■ dFf, T 9 := • 

respectively. Then for any 9 G M + , both rjg and become m- valued 1-forms on the 
para-complex manifold {U,I); and furthermore, 770 is para-holomorphic and Tg is para- 
antiholomorphic. Indeed, it is immediate from Ff 1 ■ dFg = a 9 that 

a, + 6- 1 ■ a+ + 9- a- = a 9 = (L+y 1 ■ ((F^ 1 ■ dFf) ■ L+ + • dLj 

= {L-y 1 • • dF+) ■ L- + (L e y l ■ dL~, 

and that rjg = 9~ x • Ad(Lo and Tg = 9 • Ad(Lg )a~, where = ^ ±fc>0 L^X k . Here, 
we remark that G H by Lemma 13.1.81 

From the extended framing Fg, we have obtained the pair (rjg, Tg) of an m-valued para- 
holomorphic 1-form and an m-valued para-antiholomorphic 1-form on (U, I) parameterized 
by 9 G M + . In the next subsection, we will see that the pair (rjg, Tg) is a para-pluriharmonic 
potential (cf . Definition 13.2. 1[) . 

3.2.3. We are going to introduce the notion of a para-pluriharmonic potential. Consider 
two linear subspaces A_i i00 g CT and A-^^ of Ag CT : 

A_ li00 g CT := {X x G Ag CT I X x = XiX 1 }, 
A-oo,iQa ■= {Y x G Ag a | Y x = Ej=_oo ^' A '}' 

where Ag CT denotes the Lie algebra of AG a (see (I3.1.3P for AG a ). Let V+ = V+(g) and 
V- = V-(q) denote the sets of all A_i j0O g CT - valued para-holomorphic and A-co^g^- valued 
para-antiholomorphic 1-forms on a simply connected para-complex manifold (M,I), re- 
spectively. 

Definition 3.2.1. An element (r]\,T\) G V + x P_ is called a para-pluriharmonic po- 
tential (or a potential, for short) on (M,I). 

Remark 3.2.2. (1) For each potential (r)\,T\) G V+ x one may assume that the 
variable A of r]\ (resp. r A ) varies in M + by virtue of rjx G Ag CT (resp. r A G Ag CT ). 

(2) Note that we has just obtained pluriharmonic potential {i]g,Tg) from the 
extended framing Fg of a para-pluriharmonic map / : (M,I) — >■ {G/H, V 1 ) with F(p ) = 
id and [a^ A a^] = 0. 

(3) It is unfortunate that the condition [a^j A at*] = for the applicability of the loop 
group method is necessary, but not always satisfied as shown by Krahe [19]. The condition 
is always true for surfaces and if the pseudo metric of the target space is positive definite. 
Other natural conditions for the existence of [a^ A a*] = are not known. 
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We has just obtained a para-pluriharmonic potential (j]g, Tg) from the extended framing 
Fg of a para-pluriharmonic map / : (M, 7) — > (G/H, V 1 ) with F{p ) = id and [a^Aa^] = 
0. The converse statement is also true — that is, one can obtain a para-pluriharmonic map 
and its extended framing from any para-pluriharmonic potential and this framing satisfies 

[«m A "m] = 0: 

Proposition 3.2.3. Let (ng,rg) g V+(g) x "P-(g) be a para-pluriharmonic potential 
on the para-complex manifold (M,I). Then, the following steps provide an 1R + -family 
{fe}eeR+ of para-pluriharmonic maps: 

(51) Solve the two initial value problems: (Ag)~ l ■ dAg = rjg and (A^)~ l ■ dA^ = Tg with 
A^{p ) = id, where p Q is a base point in (M, I). 

(52) Factorize (Ag,A^) G AG a x AG a in the Iwasawa decomposition (cf. Theorem 
13X51) : (Aj,Aj) = (C 9 ,C ) ■ (Bj,B e ), where Cg G AG a , B+ G AfG a and 
B e e A-G a . 

(53) Then, fg := n o Cg : (W, I) — > (G/H, V 1 ) becomes a para-pluriharmonic map for 
every 9 G R + . Here, W is any open neighborhood of M at p Q such that both (SI) 
and (S2) are solved on W . 

In particular, Cg{p ) = id and Cg is the extended framing of the para-pluriharmonic map 
f 1 = noC 1 :(W,I)^(G/H,V 1 ). 

Proof. (SI), (S2): The solution (Ag, Aj) to (SI) satisfies Af G AG a and AJ(p ) = id. 
Therefore, it belongs to the open subset of AG a x AG a locally. Hence, one can factorize 
(Aq,Aq) by means of (S2). 

(S3): Let W be any open neighborhood of M at p Q such that both (SI) and (S2) 
are solved on W. First, let us show Cg{p ) = id. Since A^{p Q ) = id we have A+G CT 3 
B+{p ) = C e {p )- 1 = B e ( Po ) G A-G a . Hence, C e ( Po ) G (K+G a n A~G a ) = {id}. Now, let 
/3 M := C^ 1 ■ dCfj, for fi G C*. Lemma [3.1.81 implies that (3 e is a g-valued 1-form on W for 
any 6 G R + . Therefore, one can express it as /3 e = (f}\ + (f3 e ) m = (/3% + (f3 e )+ + (/3 e )~ 
by taking g = f) ©m into consideration (see (2.2.5) and (2.2.6) for {P e \ and (fi 9 )^)- Then 
we obtain the conclusion, if one has 

(3-2.2) (3 d = + r 1 ■ (^)+ + 0- (P% 

because /3 e = C^-dCg satisfies d(3 e +{l/2)- [f3 e A(3 9 ] = for any 6 G R+ and thus the proof 
of Proposition E231and ([3^2]) allow us to conclude that fg = ixoCg : (W, I) -> (G/H, V 1 ) 
is a para-pluriharmonic map for every 9 G M + . Hence, it suffices to prove f!3.2.2[) . Direct 
computation, together with Cg = A e ■ (Bg)^ 1 = Ag ■ (Bg)^ 1 , gives us 

((3 d ,(3 e ) = (Cg 1 -dCg, Cg'-dCg) 

= {Bj ■ Ve ■ {Bjy 1 + B+ ■ d(B+)-\ B-g ■ r e ■ (B^ + B~ e • d(Bg)- 1 ). 
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Therefore, the Fourier series (3 X = Ylk&ftk^ k has actually the simple form: 
(a) /3 X = A" 1 • + A, + A ■ +1 

because the n-th and m-th Fourier coefficients of ■ r]\ ■ (B^)~ l + ■ d(B^)^ 1 and 
B^ ■ T\ ■ (B^)^ 1 + B^ ■ d(B^)^ 1 are zero for all n < —2 and 2 < m, respectively. Let us 
denote by (f3j) + and the para-holomorphic component and the para-antiholomorphic 
component of (3j, respectively (i.e., (/3j) ± := (1/2) • (f3j ± t I(f3j))) for j = ±1, and rewrite 
the above (|aj) as 

(a') /3 A = A- 1 ■ ((/3_0 + + + A, + A ■ ((/3 +1 )+ + (/9 +1 )"). 

Then, (Ja/J simplifies to 
(a 



/3 A = A- 1 -(/3_ 1 ) + + /3 + A-(/3 +1 )- 

because the —1st and +lst Fourier coefficients of B^ ■ r]\ ■ (B^)~ l + B^ ■ d(B^)^ 1 and B^ ■ 
T\ ■ (B^)^ 1 + B^ ■ d(B^)~ l are para-holomorphic and para-antiholomorphic, respectively. 
From (JZJ and /3 X e Ag a we see that (p\ = /3 and (/5 x ) m = (/3_i) + + This 
implies = (/3-i) + , = (/3 +1 )~ and /3 A = A" 1 ■ (?)+ + {P\ + A ■ and 

(IX2T21 follows. □ 

3.3. Pluriharmonic maps and the loop group method. We have explained the 
relation between para-pluriharmonic maps and the loop group method in Subsection 13.21 
In this subsection, we will explain the relation between pluriharmonic maps and the loop 
group method. The arguments below will be similar to those in Subsection 13.21 

3.3.1. In Subsection 13.2.11 we have learned that the extended framing F' B of a para- 
pluriharmonic map belongs to the almost split real form AG a — that is, it satisfies vs{F' x ) = 
F' x for the involution v$ of the first kind (cf. (13. 1.2ft for ug). I n this subsection, we will 
first confirm that the extended framing Fx of a pluriharmonic map satisfies Uc(F\) = Fx 
for the involution Vc of the second kind defined below. 

Let G c be a simply connected, simple, complex linear algebraic subgroup of SL(m, C), 
let a be a holomorphic involution of G c , and let v be an antiholomorphic involution of 
G c such that [a, u] = 0. Denote by H c , G and H, the subgroups defined in Subsection 
I2.2.3[ respectively (cf. (I2.2.14p ). Now, let us define an antiholomorphic involution vq of 
AG£ by 

(3.3.1) u c (Ax) :— v{A 1 jj) for Ax E AG^. 

This involution uq is said to be of the second kind, and satisfies the following: 

(3-3.2) uo^GS) = A T Gv, u c (AfG c a ) = AfG£ 

Let p be a base point in a simply connected complex manifold (M, J), and let Fx be 
the extended framing of a pluriharmonic map / = tt o F : (M,J) — > (G/H, V 1 ) with 
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F(p ) = id and [a' m A a'J = 0. From (2.3.9) it follows that F x G AG^. In particular, 
(2.3.10) implies that F\ satisfies 

(3.3.3) u c (F x ) = F\. 

3.3.2. Pluriharmonic potentials. Since Fx(p ) = id we perform a Birkhoff decomposition 
of the framing F\. Therefore we obtain a pair of m c - valued 1-forms 77 A and r A on (M, J) 
parameterized by A G S 1 . Here m c := Fix(g , — da). We will see later that the pair 
(vXi T \) is a pluriharmonic potential (cf. Definition 13.3. ip . 

Since F\(p ) = id G B c , we factorize the framing Fx G AG^ in the Birkhoff decompo- 
sition: 

Fx = Fx-L + x =n-L- x , F x G AfG^, Lf G A±G^ 
on an open neighborhood {7 of M at p Q (cf. Theorem 13. 1. 2D . Define rj\ and r A by 

r? A := (F,-)- 1 • dF A -, r A := (F+)" 1 • dF+, 

respectively. Then for any A 6 S 1 , both i]\ and r A become m c -valued 1-forms on the com- 
plex manifold (U, J). In addition, rj\ is holomorphic and r A is antiholomorphic. Indeed, 
F' 1 ■ dF x = a x yields 

a, + A- 1 • o4 + A • < = a x = (L+)- 1 ■ ((J^)" 1 ■ dF A ") • L+ + (L+)" 1 ■ dL+ 

= (L-y 1 ■ ((F+y 1 ■ dF+) ■ l- + (l-)- 1 ■ dL- Xl 

and i]x = A -1 • Ad(Lp )a' n and r A = A • Ad(Lg )a'J n , where L x = ^ ±fc>0 L^\ k . Now, it 
follows from (13.3.21) and (13.3.31) that uc{F x ~) = F x . This implies that rjx is related with 
T\ by the formula dh>c{f]\) = t\. Consequently we obtain from the extended framing 
Fa of a pluriharmonic map the pair (rjx, t x ) of an m c - valued holomorphic 1-form and an 
m c - valued antiholomorphic 1-form on (U, J) satisfying dvc(jl\) = r x- 

3.3.3. Let us introduce the following subspaces A_ li00 g^ and A_ oo l g^ of Ag^, in order 
to recall the notion of a pluriharmonic potential: 

A_ li0oS c := {Xx e Afl c | Xx = X . A , }; 

A-00,10^ := {Ya g Ag^ | r A = E)=-oo ^A'} 
(cf. (13XTD for A fl C). Let T 3 ' = P'(g c ) and = P"(g c ) denote the set of all A_ 1)00 g^- 
valued holomorphic and A-oo^g^-valued antiholomorphic 1-forms on a simply connected 
complex manifold (M, J), respectively. 

Definition 3.3.1. An element (^ A ,r A ) £ V x V" is called a pluriharmonic potential 
(or a potential, for short) on (M, J), if it satisfies di>c(jl>) = t a (cf- (13.3.11) for z^c)- 

In Subsection 13.3.21 one has obtained a pluriharmonic potential (r]\, r A ) from the ex- 
tended framing F\ of a pluriharmonic map / = tt o F : (M,J) — > (G/H,\7 l ) with 
F(p ) = id and [a^ A ct[ n ] = 0. Next we recall from [7] that one can obtain a plurihar- 
monic map and its extended framing from a pluriharmonic potential: 
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Proposition 3.3.2. Let (r/ A ,r A ) = (r} X ,du c (vx)) e V(g c ) x V"(q € ) be any plurihar- 
monic potential on the complex manifold (M, J) . Then, the following steps provide an 
S 1 -family {/aIags 1 of pluriharmonic maps: 

(51) Solve the two initial value problems: A x x ■ dA\ = n x , B x l ■ dB\ = r A with A\(p a ) = 
id = B\{p ), where p a is a base point in (M, J). 

(52) Factorize (A\,B\) G AG^ x AG^ in the Iwasawa decomposition (cf. Theorem 
[HI : (A X ,B X ) = (G A ,G A ) ■ (B+,B-), where C x G KG € a , B+ G A+G^ and 
B-eA-G c a . 

(53) Take an open neighborhood V of M at p and a smooth map h c = h c (p) : V — > H 
such that 

(1) C' x (p) G G for all (p, A) G V x S 1 , 

(2) C x ( Po ) = id, where C' x :=C x -h c . 

(54) Then, f x := n o C' x : (V, J) — > (G/H, V 1 ) becomes an S 1 -family of pluriharmonic 
maps. 

Proof. (SI), (S2): For the solutions A x and B x to (SI), we deduce that they satisfy 

(3.3.4) v c {A x ) = B x 

in terms of dvcivx) = t a- Since A x {p ) = id = B x {p ) and (A x (p ), B x {p )) belongs to a 
suitable open subset of AG„ x AG„, one can factorize (A x , B x ) by means of (S2). 

(S3): Let us assume that both (SI) and (S2) hold on an open neighborhood W of M 
at p Q . We will confirm that there exist an open neighborhood V (c W) of M at p Q and 
a smooth map h c = h c (p) : V — > H c such that 

(1) C x {p) ■ h c {p) eG = Fix(G c , v) for all (p, A) G V x 5 1 ; 

(2) C x ( Po ) ■ h c ( Po ) = id 

— that is, we want to assert that (S3) holds. First, let us verify 

C x (p ) = id. 

By A x { Po ) = id = 5 A ( Po ) we conclude A+G^ 3 5+(p ) = G^)" 1 = B^(p ) G A~G^; so 
that C x (p ) G (A+G^ n A~G£) = {id}, and G A (p ) = id. Next, we will deduce that 

(3.3.5) (G A (g))" x • v(C x (q)) G # c for any point (g, A) G PF x 5 1 . 
Since fl33^j) . fl3X2|) and G A = A A • (fi^)" 1 = B A ■ (5 A )~\ we obtain 

(G A )- X • ^(G A ) = (B X ■ (B,)' 1 )' 1 ■ »c(A x ■ (B+y 1 ) = B- x ■ u c ((B+)^) G A'Gj. 

The above also leads to (G A )~ 1 • u c (C x ) = ^({(G,)- 1 • ^(C,)}- 1 ) G M^Ga) = A + G^. 
Therefore we have (G A ) _1 ■ u c (C x ) G (A~G£ n A+G^) = # c , and so fl3T33|) follows. It 
remains to show that there exist an open neighborhood V of M at p Q and a smooth 
map h c = h c (p) : V — > H c satisfying the equations (1) and (2) above. Let Uh and 0^ 
denote open neighborhoods of H c at id and of f) c at such that exp : Of, — > Uh is a 
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diffeomorphism and v(Uh) C Uh- Since f !3.3.5|) and (Ca(Po)) -1 • v(C\(jp )) = id G Uh, 
there exists an open neighborhood V (c W) oip Q in M such that (Ca(p)) _1 -^(Ca(p)) G £/# 
for all p G V. Hence, 

(3.3.6) (C x (p))- 1 -u(C x (p)) = expX(p) on V, 

where X = X(p) : V — > Of, is a smooth map with X(p ) = 0. This yields 

expdu(X(p)) = viiCxip))- 1 ■ u(C x (p))) = p{C x {p))- x ■ (C x (p)) = exp(-X(p)) 

and dv(X(p)) = —X(p). Accordingly we conclude that (1) u(C x (p) -h c (p)) = C x (p)-h c (p) 
for all (p, A) 6 V x S 1 and (2) C x ( Po ) ■ h c ( Po ) = id, by setting h c (p) := exp((l/2) ■ X(p)) 
(cf. fl3X6jl ). 

(S4): The arguments below will be similar to those of the proof of (S3) in Proposition 
13.2.31 Define a g-valued 1-form (3 X on (V, J) by f3 x := (C^) -1 • dC' x , and express it as 
/3 A = (/3 A )o + (/3 A )m = (/? A )f, + (/? A ); n + (P x )l where g = f, © m (see (2.3.6) for (/3 A ); and 
(/3 A )™). Then, it suffices to verify (13X71) : 

(3.3.7) Mn+^-w+^w. 

Indeed, /3 A = (C^)" 1 ■ dC^ satisfies ci/3 A + (1/2) • [/3 A A f3 x ] = for any US 1 , and so 
Proposition and fl3~XTj) allow us to conclude that / A = tt o C' x : (V, J) {G/H, V 1 ) 
is a pluriharmonic map for every A G S 1 . Direct computation, together with C x = 
A x ■ (B+)- 1 = B x ■ (B^)- 1 and C' X = C X - /i c , gives us 

(P\ /3 A ) = ■ dC' x , (C,)- 1 ■ dC' x ) 

= (D+ ■ V x ■ (D+r 1 + Dt ■ d{D+y\ D- x ■ r x ■ (D^ 1 + D x ■ d{D x )- 1 ), 

where {Dfy 1 := (B^)- 1 ■ h c . It follows from h c G H c that Df G A ± G^. Therefore, the 
Fourier series (3 X = J2ke% Pk^ k is actually a Laurent polynomial of the form 

(a) (3 X = A" 1 • + fa + A • f3 +1 = A" 1 • (CM' + CM") + ft + A • ((/3 +1 )' + (/3 +1 )") 

because the n-th and m-th Fourier coefficients of D x ■ i] X ■ (D^)^ 1 + D x ■ d(D x )^ 1 and 
D x -t x -{D x )^ 1 + D x -d{D x )~ x are zero for all n < —2 and 2 < m, respectively. Moreover, 
(jlj) simplifies to 

(a') /3 A = A- 1 -(/3_ 1 )' + /3 + A-(/3 +1 )" 

because the —1st and +lst Fourier coefficients of D x ■ rj x ■ (D^ )^ 1 + D x • rf(D^) -1 and 
D x ■ t x ■ (D^)^ 1 + D x ■ d(D x )~ x are holomorphic and antiholomorphic, respectively. In 
view of © and /3 X G Ag^ it turns out that (Z? 1 ^ = /3 and (^ 1 ) ro = {p_ x )' + (/3 +1 )". 
Therefore (15X71) follows from (/3 1 ); = (p_ x )' and (Z? 1 )^ = (f3 +1 )". □ 
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4. Relation between pluriharmonic maps and para-pluriharmonic maps 

In this section, by utilizing the loop group method, we interrelate pluriharmonic maps 
with para-pluriharmonic maps. We consider two real subspaces A 2n and B 2n of C 2n 
(cf. Subsection 14. ip . and two symmetric closed subspaces Gi/Hi and G 2 /H 2 of G c /H c 
(cf. Subsection 14.2)) . and we investigate the relation between certain pluriharmonic maps 
fi : A 2n — > G\jH\ and certain para-pluriharmonic maps fa : B 2n — > G2/H2 (cf. Subsection 

SD. 

fi : A 2n — > Gi/Hi, pluriharmonic 

n n 

C 2n G € /H C 

u u 

fa : B 2n — > G2/H2, para-pluriharmonic 

4.1. The real subspaces A 2n and B 2n of C 2n . Let A 2n and B 2n be the real subspaces 
of C 2n given by 

A 2n : = {(z\ ■ ■ ■ , z n , w\ ■ ■ ■ , w n ) G C n x C n I z a = w a for all 1 < a < n} 

= {(z,w) G C n x C n I w = z}, 
B 2n : = {(z\ ■ ■ ■ , z n , w\ ■ ■ ■ , w n ) G C n x C n \ z a = z a and w a = w a for all 1 < a < n} 

= R n x R n . 

Let (x 1 , ■ ■ • , x n , y 1 , ■ ■ ■ , y n ) denote the global coordinate system on B 2n defined by x a := 
Re(z a ) and y a := Re(w a ) for 1 < a < n. Define smooth (1, l)-tensor fields J on A 2ra and 
/ on B 2n by 

, d \ d r ( d \ d , / 9 \ d „/ d \ d 

J - — := 1- — , J - — := —1— — and I[ 



.dz a J dz a) \dz a J dz a \dx a J dx a ' \dy a J dy a 

Then (A 2n , J) and (B 2n ,J) are simply connected complex and para-complex manifolds, 
respectively. Henceforth, for the natural coordinate systems (z , ■ • • , z n , z , • ■ ■ , z n ) on 
A 2n , (x 1 , ■ ■ ■ , x n , y 1 ,' " , y n ) on B 2n and (z 1 , ■ ■ ■ , z n , w 1 , ■ ■ ■ , w n ) on C 2n , we will use the 
notation (z, z), (x, y) and (z,w), respectively. 

4.2. The symmetric subspaces Gx/Hx and G 2 /H 2 of G c /H c . In this subsection, we 
introduce two symmetric subspaces Gi/H% and G2/H2 of G c /H . Let G c be a simply 
connected, simple, complex linear algebraic subgroup of SL(m, C), let a be a holomorphic 
involution of G c , and let V\ and V2 be antiholomorphic involutions of G c satisfying [a, v\] = 
[a, U2] = [vi, U2] = 0. Then we define H c , G i: Hi, 7Tj (i = 1, 2) and $j 2 as follows: 

(4.2.1) H c := Fix(G c ,a), 

(4.2.2) G J :=Fix(G c ,z/ J ), 

(4.2.3) H, := Fix(Gj, a) = Fix(H c , uj, 

(4.2.4) 7Tj: the projection from Gi onto Gi/Hi, 

(4.2.5) 02 := LieG 2 . 
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Clearly, (G c /H c ,a) is an affine symmetric space, and both G\jH\ and G2/H2 are sym- 
metric closed subspaces of (G c /H c ,a) (ref. [HI p. 227] for the definition of symmetric 
closed subspace). In particular, (Gj/i/j, o"|gJ, i — 1,2, are affine symmetric spaces. 

4.3. The main result. With the notation in Subsections 14.11 and 14.21 we assert the fol- 
lowing (see (13.3. ip for (vi)c)'- 

Theorem 4.3.1. Let (rjg, Tg) = (^e(x), r e (y)) G V + (g 2 ) x T y -(d2) be a real analytic, para- 
pluriharmonic potential on (B 2n , I), and let ($2)9 = ^2 Ce(x, y) : (W, I) — > (G2/H2, V 1 ) 
denote the M. + -family of para-pluriharmonic maps constructed from (r]g, Tg) in the neighbor- 
hood W ofM 2n at (0,0) in Proposition \3.2.<X Suppose that {f]g,Tg) satisfies the morphing 
condition 

(M) d(^)cMz)) = r A (z). 

Then, there exist an open neighborhood V of A 2n at (0,0) and a smooth map h c (z,z) : 
V ->• H c such that 

(1) C' x (z, z) G Gi for all (z, z; A) G V x S 1 ; 

(2) (/i)a := 7Ti °Cj(z,z) : (V, J) —> (G%/Hi,'V 1 ) is an S 1 -family of pluriharmonic 
maps with C A (0, 0) = id, where C' x (z, z) := C A (z, z) • h c (z, z) . 

Remark 4.3.2. (i) Since both 770 (x) and r g (y) are analytic on B 2n and B 2n is a totally 
real submanifold of C 2n , one can uniquely extend them as holomorphic 1-forms rjg(z) and 
rgiyv) to an open subset W of C 2n such that B 2n C W. For this reason, the notation r/ A (z) 
and T\(z) in Theorem 14.3. II makes sense. 

(ii) Similarly, one can verify that the notation C A (z,z), used in Theorem 14.3.11 makes 
sense. 

Proof of TheoremKKH Let (A A (x), B x (y)) = (C A (x, y), C A (x, y)) ■ (5+(x, y), B^(x, y)) 
denote the Iwasawa decomposition in (S2) of Proposition 13.2.31 Note that A\(x) and 
B A (y) satisfy 

(A- 1 -rfA A )(x)=r /A (x), (B x 1 -dB x )(y) = r x (y), A X (Q) = id = B x (0). 

Since (?7 A (x), r A (y)) is analytic, we deduce that A A (x), B\(y), C A (x, y) and -B A (x, y) are 
analytic with respect to the variables x and y. Therefore these matrices have unique 
analytic extensions A x (z), B x (w), C A (z,w) and B x (z,w) to an open neighborhood W 
of C 2n at (0,0), respectively, because B 2n is a totally real submanifold of C 2ra . Then on 
the neighborhood W D A 2n of A 2n at (0,0), we confirm that A\{z) and B\(z) satisfy 
(A^ 1 ■ dA x )(z) = r) X (z), (B x l ■ dB x )(z) = r A (z) and A x (0) = id = B A (0); and further- 
more, (A\(z),B\(z)) = (C A (z, z), C\{z, z)) • (5^ (z, z), B x (z, z)) becomes the Iwasawa 
decomposition in (S2) of Proposition 13.3.21 where we remark that (rj\(z), r A (z)) satisfy 
(r/ A (z), r A (z)) G "P'(0 C ) x V"(g c ) and g?(z/i)c(?7a(z)) = t a(z)- Consequently, the proof of 
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Proposition 13.3.21 assures that there exist an open neighborhood V C W D A 2n of 
(0,0) and a smooth map /i c (z,z) : V — > H c satisfying the conditions (1) and (2). 

5. Appendix 



. 2n 



at 
□ 



We will interrelate concretely some pluriharmonic maps with para-pluriharmonic maps 
by means of Theorem l4.3.1l In Subsection 15.21 we will focus on harmonic maps and Lorentz 
harmonic maps. This will yield a relation between CMC-surfaces in M 3 and CMC-surface 
in Ef. 

5.1. A relation between certain pluriharmonic maps and certain para-pluriharmonic 
maps. 

5.1.1. f\ : A 4 -> GV 2i4 (C) f 2 : B 4 -»■ Gr 2A {C). Following the main result of this pa- 
per, we construct in this subsection a pluriharmonic map f\{z x , z 2 , z 1 , z 2 ) : A 4 — » Gr 2i4 (C) 
and a para-pluriharmonic map f 2 (x ,x 2 ,y ,y 2 ) : B 4 — > Gr 2A (C) from one potential 
(15.1.101) below, where Gr 2A (C) (resp. Gr 2j 4(C')) denotes a complex (resp. para-complex) 
Grassmann manifold. In this subsection, we will use the following notation: 



(5.1.1 
(5.1.2 
(5.1.3 
(5.1.4 
(5.1.5 
(5.1.6 
(5.1.7 
(5.1.8 
(5.1.9 



G c = SL{4, C), 

a (A) := J 2 ,2 • A ■ J 2 , 2 for A G G c , where J 2j2 := diag(-l, - 

v x {A) := '(A)- 1 for A G G c , 

u 2 (A) := A for A G G c , 

G c /H c = SL(4,C)/S(GL(2,C) x GL(2,C)), 

d/i/! = SU{A)/S{U{2) x C/(2)) ~ Gr 2 , 4 (C), 

G 2 /H 2 = SL(4,R)/S(GL(2,R) x GL(2,R)) ~ Gr 2>4 (C), 

7Tj: the projection from Gi onto Gi/Hi (i = 1,2), 

g 2 :=LieG 2 =5[(4,M). 



1,1,1) 



First, we define a A_i j00 (g 2 ) cr -valued, real analytic para-holomorphic 1-form r/g^x 1 ^ 2 
on (B 4 , /) by 



(5.1.10) 



rjeix 1 ^ 2 ) 





(0 








1\ 




(0 








0\ 


e- 1 














dx l + 0- 1 








1 
























1 










V-i 












\o 








0/ 



dx 2 



Taking the morphing condition ( |M|) of Theorem 14.3.11 into consideration, we define a 
A_ oo l (g 2 ) cr -valued, real analytic para- ant iholomorphic 1-form Tg(y 1 ,y 2 ) on (B 4 , J) by set- 
ting 

l\ /0 

. , „ 







/o 






V 















0/ 



dy 1 + 6 







1 









-1 






o\ 






dy 2 . 
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A e {x l ,x 2 ^ 



Minx l /8)\ 



Hence we obtain the real analytic, para-pluriharmonic potential (^(x 1 , x 2 ) , Tg(y 1 , y 2 )) . 

From Proposition 13.2.31 we obtain a para-pluriharmonic map / 2 ■ (B 4 , /) — > G2/H2 
Gr 2A (C). 

(SI): Solve the two initial value problems: 

(A e )- 1 -dA e = Ve , (A+y l -dA+ = r e , A±(0,0)=id. 
The solutions are 

( cos{x l /6) sin(x 1 

cosh(x 2 /#) sinh(>7#) 

smh{x 2 /6) cosh(x 2 /#) 

\-sin(:r7#) cos(x 1 /6)J 

( cos(9y r ) sin(% 1 )\ 

cosh(-% 2 ) sinh(-% 2 ) 
sinh(-% 2 ) cosh(-% 2 ) 
V-sin^y 1 ) cos^y 1 )/ 

(52) : Factorize (A e ,Ag) G A7(G 2 )o- x A+((t2)ct in the Iwasawa decomposition Theorem 
EX5J 

jA e ,Aj) = (C e ,C e y (Bq, B e ), 

where Cg G A(G 2 ) a , Bq G A+(G 2 ) CT and B g G A _ (G' 2 ) -. Here, Bf and Cq are given by 
Bf = {A^Y 1 and 

C e {x\x 2 ,y\y 2 ) 

( co^/e + Oy 1 ) sin(x 1 /0 + ^ 1 )\ 

cosh(x 2 /# - 6y 2 ) sinh(x 2 /# - 6y 2 ) 

sinh(x 2 /6 -6y 2 ) cosh(x 2 /6 - 6y 2 ) 

\-sin(x 1 /0 + % 1 ) cos^ 1 /6 + 6y 1 )) 

(53) : The last step of Proposition 13.2.31 assures 

{f2)6 '■= ^2 Ce{x x , x 2 , y 1 , y 2 ) : (B 4 ,/) — > GV 2)4 (C) is para-pluriharmonic 
for every 9 G M + . 

We will construct a pluriharmonic map j\ : (A 4 , J) — > G\jH\ ~ Gr 2i 4(C) from 
Cq{x x ,x 2 ,y 1 ,|/ 2 ) given above. Substituting A, and z l for 6 1 , and y l , respectively 
(i = 1,2) we obtain 

C x (z\z 2 ,z\z 2 ) 

( co^z 1 / X + Xz 1 ) sin^VA + A^ 1 )^ 

cosh(z 2 /A - Xz 2 ) sinh(z 2 /A - Xz 2 ) 

sinh(z 2 /A - Xz 2 ) cosh(z 2 /A - Xz 2 ) 

\-sin(zVA + Xz 1 ) cos{z 1 /\ + Xz 1 ) J 



22 



N. BOUMUKI AND J. F. DORFMEISTER 



for Ceix^x 2 ^ 1 ^ 2 ). Then C x (z\ z 2 ,z\z 2 ) G G l = SU(A) for all (z 1 , z 2 , z 1 , z 2 ; A) G 
A 4 x S 1 because z 1 /X + Xz l is a real number and z 2 /X — Xz 2 is a purely imaginary 
number. Hence, we conclude that 

(/i)a : = tti ° Ca(^ 1 ) -z 2 , z 1 , : (A 4 , J) GV 2)4 (C) is a pluriharmonic map 

for every X E S 1 . Consequently, we have constructed a pluriharmonic map j\ : A 4 — > 
GV 2j 4(C) and a para-pluriharmonic map / 2 : B 4 — ^ Gr^C) from the potential f)5.1.10p . 



(A)a = 7Ti o Ca(^ , z , z , z ) : (A 4 , J) — > Gr 2 . 4 (C) is pluriharmonic 

t 

(f2)e = 7i"2 ° Cq(x 1 , x 2 , y 1 , y 2 ) : (B 4 ,/) — > Gr 2i4 (C) is para-pluriharmonic 



5.1.2. fi : A 4 — > S 4 -<=>- / 2 : B 4 — > H 4 . In this subsection, we will construct a plurihar- 
monic map fiiz 1 , z 2 , z 1 , z 2 ) : A 4 — > S 4 and a para-pluriharmonic map f2(x l ,x 2 ,y 1 ,y 2 ) : 
B 4 — > H by arguments similar to those in Subsection 15.1.11 Here S 4 and H 4 denote a 
sphere and a upper half space of dimension 4, respectively. Henceforth, we will use the 
following notation: 

5.1.11) (', ' = Sp(2,C) (see [H P- 445] for Sp(2,C)), 

5.1.12) a(A) := K x ,i ■ A ■ K hl for A e G c , where K hl := diag(-l, 1, -1, 1), 

5.1.13) v x {A) := t {A)~ l for A G G c , 

5.1.14) v 2 (A) := K lA ■ t (A)~ 1 ■ K ltl for A G G c , 

5.1.15) G c /H c = Sp(2, C)/(Sp(l, C) x Sp(l, C)), 

5.1.16) Cx/Fi = Sp(2)/{Sp(l) x 5p(l)) ~ S 4 , 

5.1.17) G 2 /H 2 = Sp{l, l)/(5p(l) x 5p(l)) ~ if 4 , 

5.1.18) 7rj: the projection from Gi onto Gi/Hi (i = 1,2), 

5.1.19) 02 :=LieG 2 =sp(l,l). 

Define a A_i jOO (0 2 ) (T -valued para-holomorphic 1-form ^(a; 1 ,^ 2 ) on (B 4 ,/) by 



/0 1 

1 



\0 









1 



o \ 



-1 

0/ 



dx 1 + 6 



/0 

-1 




-1 o o\ 



1 

1 0/ 



dx z 



In view of the morphing condition (iMl) . it is natural that one defines a A_ OOj i(0 2 ) (T -valued 
para-antiholomorphic 1-form Tg{y 1 ,y 2 ) as follows: 

/ -1 0\ /0 1 

-1 , 1 „ 1 10 

dy 1 + _1 
1 

\ 1 0/ \0 

- l -dA: 



re(y\y 2 ):=9 



Let us solve the two initial value problems: (A e 



\ 


-1 

-1 0/ 

rjo and (Aj)~ 









dy 2 . 



■ dAt = tq with 



A e (0, 0) = id, and factorize (A e , Ag) G A(G 2 ) CT x A(G f 2 ) cr in the Iwasawa decomposition 
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(cf. Theorem [3X5]): {A~,Aj) = {C e ,C e ) ■ (B+,B e ), where C e G A(G 2 ) CT , B+ G A+(G 2 ) (T 
and Bq G A~(G 2 ) ct . Then, it follows that 



A g (x , x 2 ) 



/cosh(^^; 



sinh( — 
cosh( — 



-6 2 a 



e 2 x 2 








V 

( cosh(- 
— sinh( 



y -y \ 
e I 
e 2 y 1 - y 2 - 



V 



o 








— sinh( 61 - e v \ 
cosh(^p^) 










cosh( — 
- sinh( — 








-e 2 x 2 



- sinh(^ 
cosh( 



x 1 -e I x 2 






cosh(^^ 
sinh( e y ~ v 






cosh(^^)/ 



( cosh(8(x 2 — y 1 )) — sinh(6'(x 2 — y 1 )) 
- sinh(#(x 2 — y 1 )) cosh(6>(x 2 — y 1 )) 


V o 

/ cosh(^) 













\ 








B e (x\y 2 



sinh(- 





cosh(#(x 2 — y 1 )) sinh(6'(a: 2 
sinh(6'(x 2 — y 1 )) cosh(#(x 2 

-sinh(^) \ 

cosh(^) 

cosh(^) sinh(^; 



y 1 )) 
y 1 ))} 



C e {x\x 2 ,y\y 2 ) 



/ cosh (£^V; 






sinh(^ 

sinh (^V) 
cos h(2^V) 



cosh(^)/ 








cosh( 






x 1 -e 2 y 1 








\ 



Substitute A, z l and z l for 9, x % and y % {% = 1, 2), respectively: 



cosh(2^|V) j 



C x (z\z 2 ,z\z 2 ) 



( cosh(— 
sinh( : 



-A 2 2 



A 



sinh(- 
cosh(- 



A 

i-A 2 ^ 1 ' 













\ 



V 













cosh(- 
- sinh(- 



-A 2 I 



— sinh( 
cosh(- 



A 

i-A 2 ^ 1 



) / 



for Cg(x 1 , x 2 , y 1 , y 2 ). Since (z 1 — X 2 z 1 )/X is a purely imaginary number, one sees that 
Cxiz 1 , z 2 , z 1 , z 2 ) G Gi = Sp(2) for all (z 1 , z 2 , z l , z 2 \ A) G A 4 x S l . Accordingly, we obtain 
a pluriharmonic map fx and a para-pluriharmonic map f 2 , 



(A)x = n 1 oC x (z\z 2 ,z\z 2 ):(A\J) 
(f 2 ) e = 7r 2 oC e (x\x 2 ,y\y 2 ):(M\l) 



• Gx/Hx AG S l , 

G 2 /H 2 ~H 4 , 6eR + 



(ref. Subsection 15 . 1 . 1 f) . 
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(/i)a — Tfi ° C\{z x , z 2 , z 1 , z 2 ) : (A 4 , J) — > S* 4 is pluriharmonic 

t 

(f2)e = ^2 ° Ce(x l ,x 2 ,y l ,y 2 ) : (B 4 , 7) — >■ if 4 is para-pluriharmonic 



5.2. Harmonic maps, Lorentz harmonic maps and CMC-surfaces. In this sub- 
section we will interrelate some harmonic maps fi(z,z) : A 2 — > Gi/Hi with Lorentz 
harmonic maps f'2{x,y) : B 2 — > G2/H2 by means of Theorem 14.3. It and in addition, we 
will interrelate CMC-surfaces with other CMC-surfaces in R 3 or Rf, by use of fi(z, z) and 
f 2 (x, y). More precisely, we interrelate a cylinder in R 3 with a hyperbolic cylinder in R 3 
(cf. Subsection 15.2. ip . a two sheeted hyperboloid in R 3 with a one sheeted hyperboloid in 
R 3 (cf. Subsection I5.2.2p . a sphere in R 3 with a one sheeted hyperboloid in IR 3 (cf. Sub- 
section [523]), a Smyth surface in R 3 with a timelike Smyth surface in Rf (cf. Subsection 
15.2.41) . and a Delaunay surface in R 3 with a TT-surface of revolution in R 3 (cf. Subsection 
I5X5|) . 

5.2.1. Cylinder in R 3 Hyperbolic cylinder in Rf. In this subsection we will use the 
following notation: 



(5.2.1 



(5.2.2 
(5.2.3 
(5.2.4 
(5.2.5 
(5.2.6 
(5.2.7 
(5.2.8 
(5.2.9 



G = SX(2,C), 



a {A) := • A ■ 7 M for A 6 G c , where 7 M := diag(-l, 1), 
z/i(A) := t (A)~ 1 for A e G c , 
u 2 (A) := A for A e G c , 
G c /H c = SL{2, C)/S{GL(1, C) x GL(1, C)), 
GxjHx = SU(2)/S(U(1) x 17(1)) ~ S 2 , 
G 2 /77 2 = SL{2,R)/S{GL{1,R) x G7(1,R)) ~ S*, 
Hi. the projection from onto Gi/Hi (i = 1,2), 
02 :=LieG 2 =sl(2,R). 

We will construct a harmonic map f\ : (A 2 , J) — >■ S 12 and a Lorentz harmonic map 
/ 2 : (B 2 ,7) — >■ S 12 by means of Theorem 14.3. lj and moreover, a cylinder in R 3 and a 
hyperbolic cylinder in R 3 from fi and / 2 , respectively. 

In the first place, we define a A_ x 00 (g 2 ) ( 7-valued, real analytic para-holomorphic 1-form 
rj (x) on (B 2 ,7) by 

(5.2.10) r)e(x) := 




In the second place, we define a A_ 00j i(g2)o--valued para-antiholomorphic 1-form Tg(y) on 
(B 2 ,7) by taking the morphing condition flM|) in Theorem 14.3.11 into consideration, i.e., 
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In the third place, let us solve the two initial value problems: A# -dAg = i]g(x), B^-dBg = 
Tg(y) and Ag(0) = id = Bg(0). In this case, one can obtain 

^ ( cosh(^- 1 x) sinh(r^) \ g / \ / cosh(— Qy) sinh(— 9y) 

sinh(0 -1 :c) cosh(0 _1 x) J ' lsinh(— Qy) cosh(— Qy) 

and the Iwasawa decomposition: (Ag(x), B g (y)) = (Cg(x, y), Cg(x, y))-(B^(x, y), Bg(x, y)), 
where Bf(x,y) := B e {y)- 1 G A+(G 2 ) CT and B e (x,y) := Ag(x)- 1 G K(G 2 ) a . Here 
Cg(x,y) is given as follows: 



(5.2.11) Cg{x,y) 



cosh(# 1 x — Qy) sinh(6 l l x — Qy) 
sinh(6 l_1 x — 8y) cosh(6'~ 1 x — Oy) 



This Cg(x, y) provides us with an IR + -family of Lorentz harmonic maps 

(f 2 ) g = vr 2 o C (x,y) : (B 2 , 1) — ► G 2 /H 2 ~ S 2 , 9 G R+ 

(cf. Proposition I3.2.3[) . In the fourth place, we substitute A, z and z for Q, x and y, 
respectively: 



(5.2.12) C x (z,z) 



cosh(A 1 z — \z) sinh(A 1 z — Xz) 
sinh(A _1 z — Xz) cosh(A _1 z — Xz) 



for Cg(x,y). Remark that C\(z,z) G G\ = SU{2) for all (z,z;X) G A 2 x S 1 because 
(X^z— Xz) is a purely imaginary number. As a consequence, one can construct a harmonic 
map fi and a Lorentz harmonic map f 2 , 

(/i)a = 7T! o C A (z, z) : (A 2 , J) — ► d/.ffi ~ S 2 , XeS 1 , 
{h)e = k 2 o C e (x,y) : (B 2 ,/) — ► G 2 /H 2 ~ S 2 , G M+, 

from the potential (15.2. 10p r)g(x). 



(/i)a = tti ° C*a(-2? 2) : (A 2 , J) — >■ S* 2 is harmonic 

(72)0 = n 2 Ce(^, 2/) : (B 2 , /) Sf is Lorentz harmonic 



Here C\(z,z) and Cg(x,y) are given by (15.2.121) and (15. 2. lip , respectively. 

Note that we have constructed the extended framing C\(z, z) : A 2 — > S 2 of a harmonic 
map and the extended framing Cg(x,y) : B 2 — > Sf of a Lorentz harmonic map. For this 
reason, the Sym-Bobenko formula will enable us to obtain a CMC-surface (j>i(z, z) : A 2 — > 
M 3 and a timelike CMC-surface <fr 2 (x, y) : B 2 — > ~Rf from them. 
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For C\(z,z), the Sym-Bobenko formula in |11, p. 30] yields 



<pi(z,z) : 



i ■ X 



dX 



1 



C^ 1 + - • Ad(C A 




A=l 



/ / cosh 2{z — z) 

2 \ -2(z + z) + smh2( z-z) 



-2(z + z)- sinh 2 (z - z) 
— cosh 2(z — z) 



~ (— 2(z + 2), i ■ sinh2(z — z), — cosli2(z — z)). 

This CMC-surface <f>i(z,z) : A 2 — > R 3 is a cylinder. For Ce(x,y), the Sym-Bobenko 
formula in [9^ is given as follows: 



r)C 



1 aj/^n ~ l 



cosh2(x — — 2{x + y) — sinh2(x — y) 
-2{x + y) + sinh2(x — y) — cosh2(x — y) 

~ (sinh 2{x — y), — 2(x + y), — cosh 2{x — y)). 

This timelike CMC-surface ^{x, y) '■ B> 2 — > R 3 is a hyperbolic cylinder, because — (sinh 2{x- 
y)f + {-2{x + y)) 2 + (-cosh2(x - y)) 2 = 4(x + y) 2 + 1 (see Section 1.1 in [9] for the 
metric on R 3 ). 



CMC-surface in R 3 : Cylinder 

(f)i(z, z) = (—2(z + z), i ■ sinh 2{z — 2), — cosh 2(2 — z)) 

t 

Timelike CMC-surface in Rf: Hyperbolic cylinder 
4>2{x, y) = (sinh 2{x — y), —2{x + y), — cosh2(x — y)) 



5.2.2. Two sheeted hyperboloid in R 3 One sheeted hyperboloid in 
we will use the following notation: 

5.2.13) G c : the same notation (5.2.1) as in Subsection 15.2.11 

5.2.14) a: the same notation (5.2.2) as in Subsection 15.2.11 

5.2.15) Ut(A) := I 1A 

5.2.16) u 2 (A) := I 1A 

5.2.17) G c /H c : the same notation (5.2.5) as in Subsection 15.2.11 

5.2.18) Gx/Hx = SU(1, 1)/S(U(1) x U{1)) ~ H 2 , 

5.2.19) G2/H2 = SL*(2,R)/S(GL(1,R) x GL(1,R)) ~ Sf, 

5.2.20) 71$: the projection from Gi onto G^jHi [i = 1,2), 

5.2.21) 02 :=LieG 2 =sU(2,R). 



In this subsection 



'{A)' 1 ■ I ltl for A e G l 
A ■ In for A e G c , 



1 We must change (d^/dt) into — (<9$/<9i) in the Sym-Bobenko formula [9] Proposition 5.1] because 
the parameter A in this paper corresponds to the parameter A -1 in [5]. 
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where the above notation SX*(2,R) and sl*(2, R) are the same as those in [IT]. 

The arguments below are similar to those in Subsection 15.2.11 Define a A_ l oo (0 2 )cr- 
valued analytic para-holomorphic 1-form 7]g(x) on (B 2 ,/) by 

(5.2.22) ^):=r^J Mdr. 

We want Tg(y) G 'P _ (02) to satisfy the morphing condition ( IMj) in Theorem 14.3 .!( and 
therefore we define Tg(y) as follows: 

Solve the two initial value problems: A^ 1 • GL4g = rjg(x), B^ 1 ■ dB e = r e (y) and A e (0) = 
id = -Be(O). Then one has 

Let us factorize 5g) G A(Gr 2 ) (T x A(Cr 2 ) CT i n the Iwasawa decomposition around (0, 0): 
(A e ,B e ) = (C e ,C e ) • (Bf,Bg), C e G A(G 2 ) (7 and fl± G A ± (G 2 ) (7 (cf. Theorem EXHJ). 
Here 5^ and are given as follows: 

, 1 f 1 ^\ , . 1 (l-xy -z0~V 

^ (x ' y) = 7r^ U i-J' 5fl " (x ' y) = 7f^l o' i 



(5.2.23) C e (x,y) 



z# x 



\/l — \—i6y 1 

From Cg(x,y) one obtains an R + -family of Lorentz harmonic maps 

(/ 2 ) e = 7 r 2 oC e (x,y) : (W, J) — > G 2 j H 2 ^ S 2 , 

where W := {(x, y) E M 2 \ xy 1}. Substituting A, z and z for 6 1 , x and y, respectively, 
we have 



(5.2.24) C x (z,z) 



1 zA"^ 



1 _ ui2 i _iAz 1 



for C$(x,y). It is obvious that C\(z,z) G Gi = SU(1, 1) for all (2,2; A) G V x S* 1 , where 
:= A 2 \ 5 1 . Consequently, one can get a harmonic map /i(z, z) and a Lorentz harmonic 
map f 2 (x,y), 

(/i)a = TTi o C A (z, z) : (V, J) — ► Gx/^i ~ if 2 , AG S\ 
(f 2 )e = 7r 2 oC (x,y) : (W, 7) — > G 2 /H 2 ~ S* 2 , G K + , 

from the potential (I5.2.22|) . 
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(fx, 


A = 7Ti O C X (Z 




(V, J) ->• # 2 


is harmonic 












(/*: 


g = 7T 2 O C (x, 


y) 




is Lorentz harmonic 



Here C\(z, 2;) and Cq(x, y) are given by (I5.2.24p and (15.2.231) . respectively; and V = A 2 \S 1 
and W = {(x, y) G B 2 | xy ^ 1}. 

Now, let us obtain a spacelike CMC-surface <fti(z,z) : V — > and a timelike CMC- 
surface (f>2{x,y) : W — > Rf from the above /i(z, z) and f 2 (x,y), respectively. 

On the one hand, the Sym-Bobenko formula in [3], together with (15.2.241) . gives us 



h{z,z) : 



i ■ A 



^ A C- + i.Ad(C Aj 



<9A 



i 
-z 



A=l 



-2(l + 3|z| 2 )/2(l- |^| 2 ) -2^/(1 - |^| 



-25/(1- |z| 2 ) 

Thus we have a spacelike CMC-surface in R^, 
<t>i'V- 



i(l + 3|z| 2 )/2(l- \z\ 



z + z 


i(z - 


- z) 1 + 3 


2; 


2 


1 - 


z 


2' !_ 


z 


2 ' 2(1- 


z 


2 ) 



(cf. Subsection 3.2.1 in [4]). This 0i(z,z) is a two sheeted hyperboloid centered at 
(0, 0, 1/2) because 

12 



z + z \ 2 /Hz — z) \ 2 

+ 



1 - z 



1 



1 + 3 z 



1\ 2 



2(1 - z 



-1 



(see Subsection 3.2.1 in jl] for the metric on M.f). One the other hand, the Sym-Bobenko 
formula in |17j . combined with (15.2. 23p . gives us 

5 {»■ IT • c.- + i ■ Ad( C .) • (J ^ 

— (1 + 3xy)/4(l — xy) ix/(l — xy) 

iy/(l-xy) (1 + 3xy)/4(l - xy) 

(ref. Proof of Corollary 3.4 in [17]). Then it turns out that 

™, . / x + y x — y 1 + 3x7/ \ 

<fo ■ w > Rl, ( I , s ) rt (- T _L,- T _X,- 5jr _^) 

(cf. Subsection 3.1 in [17]). This 2 (x, y) is a one sheeted hyperboloid centered at 
(0,0,1/2). Indeed, we deduce 



x + y 
1 — xy 



x-y 

1 — xy 



1 + 3xy 1 



2(1 - xy) 2 



by a direct computation (see Remark 3.2 in [T7J for the metric on R|). 
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Spacelike CMC-surface in R^: Two sheeted hyperboloid 

A (~ ~\ _ ( z+z i(z-z) l+3|z[ 2 \ 
<Pl\.Z,Z) — \ 1-| 2 |2' 2(l-\z\ 2 )) 

t 

Timelike CMC-surface in IRf: One sheeted hyperboloid 

i / \ / x+y x—y l+3xy \ 



5.2.3. Sphere in IR 3 One sheeted hyperboloid in Mf. In this subsection, we utilize the 



same potential as in Subsection 15.2.21 but we will obtain other CMC-surfaces. For this 
we will use the following notation: 

(5.2.25) G c : the same notation (5.2.1) as in Subsection 15.2.11 

(5.2.26) a: the same notation (5.2.2) as in Subsection 15.2.11 

(5.2.27) ui'. the same notation (5.2.3) as in Subsection 15.2.11 

(5.2.28) v 2 : the same notation (5.2.16) as in Subsection I5.2.2[ 

(5.2.29) G c /H c : the same notation (5.2.5) as in Subsection EXH 

(5.2.30) G\jH\\ the same notation (5.2.6) as in Subsection 15.2.11 

(5.2.31) G 2 /H 2 : the same notation (5.2.19) as in Subsection 15.2.21 

(5.2.32) TTf. the projection from Gi onto Gi/Hi (i = 1,2), 

(5.2.33) 02 : the same notation (5.2.21) as in Subsection 15.2.21 

Let rjg(x) denote the potential (I5.2.22j) . Define Tg(y) G V~(q 2 ) by 



r e (y) := 6 








dy. 



Here we remark that (r]g(x),Tg(y)) is a real analytic para-pluriharmonic potential on 
(B 2 ,/) satisfying the morphing condition (|M|l . Solve the two initial value problems: 
Aq 1 ■ dAg = r]g(x), Bg 1 ■ dBg = Tg(y) and Ag(0) = id = Bg(0); and factorize (Ag,Bg) G 
A(G 2 ) a x A(G 2 )o- in the Iwasawa decomposition (cf. Theorem 13. 1.51) : (Ag, Bg) = (Cg, Cg) ■ 
(B^,Bg), Cg G A(G 2 )a and Bf G A ± (G 2 ) C r- In this case it follows that 




-id 



-1 



x 



It is easy to see that C\(z, z) G G\ = SU{2) for all (z, z; A) G 
obtain a harmonic map f\ and a Lorentz harmonic map f 2 , 



(h)x=TTioC x (z,z) : (A 2 , J) 
{f 2 ) e = ir 2 oCg{x,y):(WJ)- 



> G1/H1 ~ S 2 
G 2 /H 2 ~ S 2 , 



2 x 5 1 . Accordingly, we 

A G S 1 , 
G E+, 
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from (I5.2.22p . Here W := {(x, y) G B 2 | xy ^ — 1}- The above maps will provide us with a 
CMC-surface fa : A 2 -+ JR 3 and a timelike CMC-surface 2 : W ->• Rf. The Sym-Bobenko 
formula in combined with C\(z, z), gives 



i- A- 



dCx 



C-i + _ • Ad(C A 




A=l 



-i / (1 - 3\z\ 2 )/(l + \z\ 2 ) -Uz/(1 + \z\ 2 ) 
Yy Aiz/(l + \z\ 2 ) -(1 -3\z\ 2 )/(l + |^| 2 )_ 

-2i(z-z) -2(z + z) -l + 3|z| 2 - 



1+ \z\ 2 
h(z,z) : A 2 ->■ 



l + l^l 2 ' l + |z| 2 

This CMC-surface <fii(z,z) : A 2 — >■ M 3 is a sphere centered at (0,0,1). By the above 
Cg(x,y) and the Sym-Bobenko formula in [17], we obtain 

'] 

-1 



[l-3xy)/4{l + xy) 
-iy/(l + xy) 



x 



y 



x + y 



ix/(l + xy) 
- 3xy)/4(l + xy) 

3xy_\ 




V 1 + xy' 1 + xy' 2{l+xy)' 

This timelike CMC-surface 4> 2 (x,y) : W — > R 3 is a one sheeted hyperboloid centered at 
(0, 0, 1/2) because 



x-yy 



x + y 



1 + xy) V 1 + xy, 
(see Remark 3.2 in [T7] for the metric on R 3 ). 



3a;y 



2(1 + xy) 2. 



-1 



CMC-surface in R 3 : Sphere 

J, f_ =N _ f -2i(z-z) -2(z+z) -1+3| 2 | 2 \ 

^lV 2 ) 2 ; — V l+|z| 2 ' l+|z| 2 ' 1+| 2 | 2 ) 

I 

Timelike CMC-surface in 



1+xj/' 1+xj/' 2(1+13/) 



3 : One sheeted hyperboloid 



5.2.4. Smyth surface in R 3 Timelike Smyth surface in R 3 . In this subsection we con- 
struct a timelike CMC-surface, <p2{x,y) '■ W — >■ R 3 , from the potential of Smyth sur- 
face in R 3 (cf. (I5.2.34p ); and we study the relation between the Gau8 equation for 
4>2(x,y) : W — > R 3 and the Painleve equation of type (III). Henceforth we will use the 
same notation as in Subsection 15.2.11 

Define a A_i j00 (g2)cr-valued, real analytic para-holomorphic 1-form r]$(x) on (B 2 ,/) by 



(5.2.34) 



rjg(x) := 9 



-1 



1 



x 



dx, 
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where m G N. Taking the morphing condition flMj) into consideration, we define Tg(y) as 
follows: 

Solve the two initial value problems: A# -dAg = r)g(x), B^-dBg = Tg(y) and A e (0) = id = 
B e (0). In terms of Theorem 13.1.51 we factorize (A 9 ,B e ) G A < r(G 2 ) - x A^(G 2 ) a as follows: 
(Ag, B e ) = (C e ,C e ) ■ (5+,B fl -), C 9 G A(G 2 ) CT and £?+ G A+(G 2 ) CT and B G A-(G 2 ) CT . 
Then Proposition 13.2.31 enables us to obtain an R + -family of Lorentz harmonic maps 

(f 2 ) 6 = „ 2 o C e (x,y) : (W,I) — )• G 2 /# 2 ~ S 2 , 

where is an open neighborhood of B 2 at (0,0). Furthermore, Theorem 14.3.11 tells us 
that there is an S^-family of harmonic maps 

(A)a = TTi o C' x (z, z) : (V, J) — ► G x jE x ~ S\ C' x (0, 0) EE id, 

where C' x (z,z) := C\(z,z) ■ h c (z,z) (see Theorem 14.3.11 for V and h c (z, z)). From the 
above harmonic map f x (z,z), the Sym-Bobenko formula enables us to obtain a CMC- 
surface </>i(z,z) : V — > R 3 (ref. Subsection 15.2. ip . which is called the Smyth surface (cf. 
[TU| p. 662]). In addition, one can obtain a timelike CMC-surface (p 2 (x,y) : W — > Rf, 
from the above Lorentz harmonic map / 2 (x, y). We end this subsection with clarifying an 
important property of (f>2(x,y) : W — > Rf: 

Proposition 5.2.1. W-^/j £/ie above setting and notation, the Gaufi equation for 4> 2 (x, : 
— > Rf is t/ie Painleve equation of type (III) . 

Proof. Our first aim is to deduce (15.2.361) below. For k = diag(s,l/s) G H 2 = 
S(GL(1 } R) xGL(l, R)), let us define real numbers a = a(k) and b = b[k) by a[k) := s~ 4 / m 
and 6(fc) := s -( 4 + 2m )/ m ; respectively. Since k ■ r]\(x) ■ k~ l = i]^ b . x ^(a ■ x), k ■ r x (y) ■ k^ 1 = 
T(fe A)(« _1 • y) and A\{Q) = id = £>a(0), we understand that 

(5.2.35) k ■ A x (x) ■ k~ l = A b . x (a ■ x), k ■ B x (y) ■ k~ l = B b . x ( a - 1 ■ y). 

It is immediate from B x l ■ A x = (B^y 1 ■ B+ and 05.2.351) that (k ■ B~(x,y) ■ k' 1 )' 1 • 
{k ■ B x (x, y) ■ k" 1 ) = B^ x {a ■ x, a -1 • y)' 1 ■ B^ x (a ■ x, a -1 • y) for any k G H 2 and A G S 1 . 
Therefore, the uniqueness of the Birkhoff decomposition allows us to conclude 

k ■ B x (x, y) ■ k~ l = B^ x (a ■ x, a^ 1 ■ y) for any k G H 2 and A G S l . 

The above and (15.2.351) imply that 

k ■ C x (x, y)-k- l = k- A x (x) ■ B+{x, y)- 1 ■ &T 1 

= A b . x (a ■ x) ■ B£ x (a ■ x, a" 1 ■ y)~ l = C b . x (a ■ x, a" 1 ■ y) 

— that is, they imply that 

(5.2.36) k ■ C x (x, y) ■ k~ l = C b . x (a ■ x, a^ 1 ■ y) for any k G H 2 and A G S 1 . 



32 N. BOUMUKI AND J. F. DORFMEISTER 

Now, let U x {x,y) := C x (x,y)~ l ■ d x C x (x,y) and V x (x,y) := C x {x,y)~ l ■ d y C x (x,y). We 
express these Maurer-Cartan forms explicitly as follows: 

u x (x,y)/A -(A _1 /2) • H ■ e u ^l r 

\- 1 ■ Q(x) ■ e~ u ^l 2 -u x (x, y)/4 



U x (x,y) 

(5.2.37) 

V\(x,y) 



-u y (x, y)/4 -A • R(y) ■ e<*«M 2 
(A/2) ■ H ■ e< x *M 2 u y (x,y)/A, 

where H (^ 0) is constant (cf. (2.1.5) in [T?]). Then, the GauB equation for (f) 2 (x,y) : 
W -»> R? is 

(5.2.38) ^(z, y) - 2 ■ Q(x) • #(y) ■ e""^ + ^ • if 2 ■ = 

(cf. (2.1.7) in [17]). This equation will become the Painleve equation of type (III) later 
(cf. (|5.2.38"P ). It follows from 05.2.36P that a x (x,y) := C x (x,y)- 1 ■ dC x (x,y) satisfies 
a x (x, y) = U x (x, y)dx + V x (x, y)dy and k ■ a x (x, y) ■ k~ l = a b ' x (a ■ x, a" 1 • y). Hence 

k ■ U x (x, y) ■ k~ x = a ■ Ub. x (a ■ x, a -1 • y), k ■ V x (x, y) ■ k~ x = a' 1 ■ H a(° ' x > a_1 ' v)- 

Accordingly we obtain 

u(a ■ x, or 1 ■ y) = u(x, y), Q(a ■ x) = a m ■ Q(x), _R(a _1 • y) = aT m ■ R(y) 

from (I5.2.37p . Let Q(x-y) := u(l, x-y). Then Q(x-y) = u(x, y) follows from u(a-x, cr x -y) = 
u(x,y) and a := x^ 1 . Hence we conclude that 

(5.2.39) u xy = d x d y Vt(x ■ y) = d x (Q(x ■ y)' ■ x) = Q(x ■ y)" ■ x ■ y + Q(x ■ y)' . 

Since Q(a ■ x) = a m ■ Q(x) and i?(a _1 • y) = a~ m ■ R(y) one can express Q(x) and R(x) 
as Q(x) = Qo ■ x m and R(y) = Ro ■ y m , respectively, where both Q and Ro are constant. 
Therefore we show 

- 2 • Q{x) ■ R{y) ■ e~ u{x ' y) + \-H 2 - e u(x ' y) 

(5.2.40) 2 

= -2-Q -R -(x- y) m ■ e~ n{x - y) + - ■ H 2 ■ e n ^ y) . 

In terms of 05.2.39P and (15.2.401) we rewrite (15.2.381) as follows: 
(5.2.38') tt{t)" ■ t + Q(t)' -2-Q -R -t m - e~ m + - • H 2 ■ e n{t) = 0, 

where t := x ■ y. Furthermore, one can rewrite (15.2.38'P as follows: 
(5.2.38") ljdvy_l_dv + lf_JI^ v2 + A R ■ Q C 



du 2 v\du/ udu u\ 2 + m 2 + m 

by setting u := (2t^ 2+m ^ 2 )/(2 + m) and v := e n ^ -t~ m ^ 2 . Consequently we assert that the 
GauB equation (I5.2.38P for <f>2{x,y) : W — > Kf is the Painleve equation ( 15.2.38"P of type 
(III). □ 
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5.2.5. Delaunay surface in M. 3 <^ K -surface of revolution in M. 3 . In this subsection we 
will use the following notation: 

(5.2.41) G . the same notation (5.2.1) as in Subsection 15.2.11 

(5.2.42) a: the same notation (5.2.2) as in Subsection 15.2.11 

(5.2.43) v\\ the same notation (5.2.3) as in Subsection 15.2.11 

(5.2.44) u 2 := v u 

(5.2.45) G c /H c : the same notation (5.2.5) as in Subsection 15.2.11 

(5.2.46) G\jH\. the same notation (5.2.6) as in Subsection 15.2.11 

(5.2.47) G 2 /H 2 = GyjRx = SU(2)/S(U(1) x U(l)) ~ S 2 , 

(5.2.48) irf. the projection from Gi onto Gi/Hi (i = 1,2). 

The main purpose in this subsection is to interrelate a surface of revolution in K 3 (i.e., 
a Delaunay surface in IR 3 ) with a i^-surface of revolution in M 3 by means of Theorem 14.3.11 
(see Theorem I5.2.TD . Here, a K -surface means a surface of constant negative curvature 
K — — 1. Such a surface is sometimes called a pseudo spherical surface. 

According to Toda [27] (see [28] also), one can characterize each i^-surface M in M 3 
by an arc length asymptotic line coordinate system (x, y) on M and the angle function 
cj(x,y) with respect to (x,y) by the loop group method. For our purpose, we need to 
specialize her way concretely to surfaces of revolution. First we recall 

Lemma 5.2.2. Let f pseud (u,v), fhy P er(.UiV) and f conic (u,v) denote the K -surf aces of rev- 
olution given in Gray [T3~| Chapter 19.3]j, respectively: 

f P seud(u,v) = (cosm sinw , sinw sinf , cosf + log(tant>/2)); 

fhyper{u, v) = (bcosu cosht>, 6 sin w cosht>, J \J 1 — b 2 sinh 2 (t)dt) , < b; 

fconic(u, v) = (b cos u shiht>, b sin u sinht>, / y 1 — b 2 cosh 2 (t)<it), < b < 1. 



Then in each case, an arc length asymptotic line parametrization (x, y) is given by 



Pseudosphere : 



u = x + y, 



v = 2 tan x (exp(x — y))\ 



Hyperboloid type : u 



Conic type : 



x + y 



x + y 



v = — i ■ am(z(x — y), 




ib 



) 



2 Erratum: p. 381, the equation (19.4) in [13], should be —Wa 2 — b 2 E(iv/a, ~b 2 /(a 2 — b 2 )) instead of 
-Wa 2 - b 2 E(iv/a, b 2 /{a 2 - b 2 )). 
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and the first fundamental form I st is expressed as 

2 

Pseudosphere : Ifseud = dx 2 + 2(— 1 H ~- -)dxdy + dy 2 \ 

cosh (x — y) 

Hyperboloid type : /J per = dx 2 + 2 (l - j^tf ' dn ^^f^|f ' ) dxdy + dy2] 
Come type : lf omc = dx 2 + 2(1 - 2 ■ dn 2 (i(a; - y), = = )jdxdy + dy 2 

(see Remark \5.2.3\ for am(-u. k) and dn(u, k)) . 

PROOF. Gray [13J presents a method of computing asymptotic line parametrizations 
by the software Mathematica. His arguments p3J P- 329-330], together with the program 
in [131 p. 328], enable us to obtain the arc length asymptotic line parametrizations (x,y) 
for the ^-surfaces / pseu d(«, v), /hyper 0, v) and f conic (u, v), respectively □ 

Remark 5.2.3. Throughout this paper, we use the notation am(w, k), sn(w, k), cn(w, k), 
dn(w, k) and sd(u, k) as in Byrd-Friedman [6] for the Jacobi functions. 

Lemma 5.2.4. Let u pseu d(x,y) , Uh yper (x,y) anduj conic [x,y) be the real analytic functions 
around (0, 0) defined by 

u pS eud(x,y) ■= 2skT 1 (tanh(x - y)); 

f i % \ — u ) \ 

Uhwer(x, v) '■= 2 sin 1 ; • dn( . =, ib) ) , < b: 

uj conic (x,y) : = -2 sin - (6 ■ sd(-^===, Vl - b 2 )j + ir, < b < 1. 

Then, they satisfy 

(1.1) Pseudosphere: If seud = dx 2 + 2cos{oj pseu d(x,y))dxdy + dy 2 ; 

(1.2) Hyperboloid type : If yper = dx 2 + 2 cos(w/ J2/per (x, y))dxdy + dy 2 ; 

(1.3) Come type : = da; 2 + 2 cos(w conic (a;, y))dxdy + dy 2 ; 

and furthermore, they are solutions to the sine-Gordon equation d x d y u = sin a;. 

Proof. Both (i.l) and (i.2) are immediate from cosu = 1 — 2 sin 2 (w/2). Let us 
show (i.3). By direct computations we have cos(u; con i C /2) = sin((7r/2) — (w C onic/2)) = 
6-sd((x-y)/v / T 3 & 2 ,v / r^o 2 ), and 

(5.2.49) cos 2 ^= = b 2 • sd 2 ( X ~ V , y/l^V) . 

Transformation formulas in (6j p. 38] lead to 

sn(iu, ib/yl — b 2 ) = iyl — b 2 ■ sd(it/vl — b 2 , Vl — b 2 ). 
Therefore, (15.2.491) and k 2 ■ sn 2 (u, k) + dn 2 (u, k) = 1 yield that 

1 COS CJ con i c o iconic b 2f-i \ ^ \ 1 l 2/W \ ^ \ 

= cos = — *sn mx— y), . = 1— dn [i[x— y), I. 
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Accordingly one deduces cos(cj conic (a;, y)) = 1 — 2-dn 2 (z(x — y),ib/y/l — b 2 ), and thus (i.3) 
follows. Now, the rest of this proof is to demonstrate that Co> pse ud, ^hyper and Co> conic are 
solutions to the sine-Gordon equation, respectively. We will only prove that w conic is a 
solution to the equation, because one can consider the other cases in a similar way. Note 
that dn((x — y)/y/l — b 2 , a/1 — b 2 ) is positive around (0, 0) because of < b < 1. On the 
one hand, direct computations show 



VT^W dn((x-y)/VT Zr P,VT^¥) 



2 sn((a; - y)/VT^¥, VT^V) • cn((a - y)/y/T=W, VT^¥) 

x ^ conic " Vl^W ' dn 2 ((x - y)/VT=¥, VT^W) 

One the other hand, it follows from ( I5.2.49P that 

a • o ^ 2 iconic ,2 9 2 / x ~ V P, 7o\ 

OxUJconic ■ sin a; conic = -2 • — cos — — = -26 • — sd ( VI - b l ) 

ox 2 ox v y/l — fr 2 7 

46 2 sn((a;-?/)/v / r^& 2 , VT^ 2 ) • cn((x - y)/vT^F, vT^F) 



Vl^F dn 3 ((x - y)/VT^¥, VT^¥) 

C^r^-'conic ' d x dyU) corl i c . 

Therefore, one has d x d y uj con i C = sinco> conic by virtue of d x u conic < 0. □ 

Remark 5.2.5. (i) The solution u pseu( i(x, y) to the sine-Gordon equation in Lemma 
15.2.41 can be rewritten as follows: 

(5.2.50) WpseudO,?/) = 4tan~ 1 (exp(x - y)) - tt. 

Indeed, f(x,y) := 4tan _1 (exp(x — y)) — n is analytic and satisfies cu pse ud(0, 0) = /(0, 0), 
c^Wpseud = d x f and <9 y u;p Seu d = d y f. (ii) From every solution u(x,y) to the sine-Gordon 
equation, one can construct another solution u'(x,y) to the sine-Gordon equation by 
setting 

u'(x,y) := tu(x, -y) + n. 

Consequently, u' ud (x,y) = 4tan _1 (exp(x +y)) becomes a solution to the sine-Gordon 
equation by virtue of (15.2.501) . Toda [27] uses this solution to study pseudospheres. 

For the i^-surfaces /pseud, /hyper an d /conic m Lemma [5.2.21 we have obtained arc length 
asymptotic line parametrizations (x,y) and the angle functions u(x,y) with respect to 
(x,y), respectively (cf. Lemmas 15.2.21 and 15.2.41) . According to Toda [27] one can, up 
to an isometry of R 3 , reconstruct the i^-surface from u(x,y) and the following potential 
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(Ve(x),T e (y)): 



(5.2.51) 



r}e(x) : 



My) ■ 



-10 



ie- 1 



2 



2 




e -i(u(x,0)-u(0,0)) 











e 







) 



e i(oj(x,0)-uj(0,0)) 



dy. 







) 



dx, 



Remark 5.2.6. This is not difficult to verify that for cu(x,y) = u con i C (x,y) the above 
potential (r]g(x),Tg(y)) satisfies the morphing condition ( jMj) in Theorem 14.3. 1[ while this 
is not true for the angle functions cjp S e U d and Wh yP er in Lemma 15.2.41 

By means of Theorem 14 .3. 11 we will construct a harmonic map fi(z, z) : A 2 — > G\jH\ ~ 
S 2 and a Lorentz harmonic map f2(x,y) '■ B 2 — > G2/H2 — S 2 from the angle function 
iconic! and interrelate the associated CMC-surfaces <f>\(z, z) : A 2 — > M 3 and AT-surfaces 
4> 2 {x,y) ■ B 2 — > R 3 using fx(z,z) and / 2 (^, !/)• One will see that (f>i(z, z) is a Delaunay 
surface and 2 (x, ?/) is a conic A-surface of revolution (cf. Theorem I5.2.7H . 

First, we define a real analytic, para-pluriharmonic potential (r]g(x), Tg(y)) on (U, I) by 
(I5.2.5ip with u(x,y) = uj conic (x,y) as given in Lemma [5.2.41 Here U denotes any open 
neighborhood of B 2 at (0,0) such that uj conic (x,y) is analytic on U. As remarked above, 
(r)e(x), Te(y)) satisfies the morphing condition ( IMl) . Next, let us solve the two initial value 
problems: (Ag)' 1 ■ dAg = rje and (B e )~ l ■ dBg = r e with A e (0,0) = id = 5^(0,0); and 
factorize (A d ,B e ) G A(G 2 ) CT x A(G 2 ) cr in the Iwasawa decomposition (cf. Theorem 13. 1.51) : 



(A e ,Bg) = (Cg,C e )-(B+,B e ), Cg G A{G 2 ) a , B+ G A+(G 2 ) CT , B e eA-(G 2 ) a . 



Then Proposition 13.2.31 assures that there exists an open neighborhood W of U at (0,0), 
and (/ 2 )e : = ^2 Cg(x,y) : (W, J) — > G 2 /if 2 ~ 5* 2 is a Lorentz harmonic map for any 
9 G K + . Moreover, by Theorem 14.3.11 there exist an open neighborhood V of A 2 at (0,0) 
and a smooth map h c : V H c such that (/i) A := 7Ti o C^(2, z) : (V, J) -> Gi/Hx ~ S 2 
is a harmonic map for any A G S 1 , where C' x := Ca • /i c . Accordingly we have obtained a 
harmonic map f\(z,z) and a Lorentz harmonic map / 2 (x, y) from the potential (15.2.511) : 



From fi(z,z)\ and f2{x,y)g one obtains a Delaunay surface and a conic A-surface of 
revolution, respectively: 

Theorem 5.2.7. Let (/x) A = tti o C£(;z,z) : (V, J) ->• S 2 and (/ 2 ) fl = vr 2 o C e (z,y) : 
(W, I) — > S* 2 fee i/ie above harmonic map and Lorentz harmonic map. Let <pi(z, z)\ : V — > 
R. 3 (resp. <p2{x,y)g ■ W — > M 3 ) denote the CMC-surface (resp. K-surface) determined by 



(fi)x = 7r 1 oC' x (z,z):(V 1 J)^G 1 /H 1 ~S 2 1 C^(0, 0) = id, A G if? 1 ; 
(/ 2 ) e = 7r 2 oC,(x, 2 /):(H/,/)^G' 2 /iJ 2 ~5 2 , (3,(0,0) = id, G E+. 
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the Sym-Bobenko formula (resp. the Sym formula) : 

dc' 



OX 




Then, <f>x(z,z)x '■ V — > M 3 is a Delaunay surface, and 4>2{x,y)g '■ W — > M 3 is a conic 
K -surface of revolution. 

Proof. The .fT-surface faix, y)g : W — > M 3 is endowed with the angle function u conic (x, y) 
(cf. (15.2.511) ) . Therefore, Toda [27J assures that (p2(x,y)e '■ W — > M 3 coincides, up to an 
isometry of IR 3 , with the .ff -surface / CO mc given in Lemma 15.2.21 Consequently, the rest 
of proof is to conclude that (f>i(z, z) x : V — > IR 3 is a Delaunay surface. First, let us verify 
that 

(5.2.52) C e (x + t,y + t) = xe(t)-C e (x,y), for any t G R with (x + t, y + t) G W, 

where xo(t) '■= Cg(t,t). By the proof of Lemma [5.2.41 we have (d x co COI1 i c ) (x +t,y + t) = 
(d x u conic )(x, y) and u conic (x + t,y + t) = U) conic (x, y). Therefore (Cg 1 ■ dC e )(x + t,y + t) = 
(Cq 1 ■ dCg)(x,y) follows from the equation (6) in [28]; and thus 

(C^ 1 ■ dC e )(x + t,y + t) = (C^ 1 • dCg)(x,y) = (( Xe (t) ■ Ce)' 1 ■ d( X e(t) ■ C e ))(x,y). 

In view of Cg(0, 0) = id one sees that Cg(0 + 1, + t) = Xe(t) ■ Cg(0, 0) = Xeif)- Hence, 
one concludes (15.2.521) . From (I5.2.52[) it follows that 

C x (z + t,z + t)= X \(t)-C x (z,z), XeS 1 , 

where we remark that the variable 9 of Xe{t) can vary in the whole C* because of Xo{t) = 
Ce(t,t). Since C' x (z, z) = C\(z,z) ■ h c (z,z), we deduce that 

(5.2.53) C x (z + t,z + t) = X x(t) ■ C' x (z, z) ■ k c (t, z, z), 

where k c (t,z,z) := h c (z, z)- 1 -h c (z+t, z+t). lfk c (t,z } z) belongs to H l (c G x ), then it is 
immediate from C' x (z + t, z + t), C' x (z, z) G G\ that Xxif) £ G\\ so that <fii(z, z)\ : V — > IR 3 
admits a one-parameter group of isometries, which implies that <f>\(z, z)\ : V — > M 3 is a 
Delaunay surface (cf. Theorem [8j p. 127]). Thus it suffices to confirm 

k c (t,z,z) G Hl 

For the extended framing C' x (z, z) of the harmonic map (fi)\ : (V, J) — > S 2 , we have the 
Maurer-Cartan form: 

CT 1 • d z C' x = U, CT 1 • d- z C' x = V, 

, u z /A -(A^/2)-i/-e u / 2 \ / -u- z /A -A • R ■ e~ u ^ 

^■Q-e-^ 2 -u z /A r \{X/2)-H-e u / 2 u- z /A 
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k c (t,z,z) 



where H 0) is constant. Since k c (t,z,z) = h c (z,z) 1 • h c (z +t,z + t) G H l 
S(GL(1,C) x GL(1,C)) is a diagonal matrix, we can express it as 

d(t, z, z) 
d(t,z,z)-^ 

Then, the Maurer-Cartan form on the right hand side of (15. 2.531) is 

u z (z, z)/4 + d- 1 ■ d z -(A"V2) ■ H ■ e u ^' 2 ■ d~ r 
\- 1 ■ Q{z) ■ e -"(*>*)/2 . d 2 -u z {z, z) /4 - d- 1 ■ d z 



U(z,z) 

(5.2.54) 

V(z,z) 



-u 



■ {z, z) /4 + d~ l ■ d- z -A ■ R{z) ■ e - u{z ^l 2 ■ d- 



2 



(A/2) • H ■ e u ^/ 2 ■ d 2 u z (z, z)/A - d' 1 ■ d- z 

The Maurer-Cartan form on the left hand side of (1 5 . 2 . 5 3 [) is 

u z (z + t,z + t)/A -(A _1 /2) ■ H ■ e < z+t ~ z+t ^ 2 ' 

t A" 1 ■ Q(z + t) ■ e -< z+t ~ z+t V 2 -u z {z + t,z + t)/4 
-u- z {z + t,z + t)/4 -A ■ R(z + *) • e -^+M+*)/2 N 
(A/2) ■ H ■ e «(*+M+*)/2 u _( z + t} z + t)/4 



U(z + t, z + t) 

(5.2.55) 



Let us compare the 12-entry of U with the 21-entry of V in f )5.2.54j) and f l5.2.55p . Then one 
has d A = 1, whence d = ±i, ±1. This means that A; c (t, z) G 5(^(1) x Z7(l)) = H x . □ 
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